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Abstract 
The main focus of this the sis is on investigating the minimum size of the Representative 
Volume Element (RVE) and finite-size scaling of properties of random linear and 
nonlinear elastic composites. The RVE is a material volume which accurately describes 
the overall behavior of a heterogeneous solid, and is the core assumption of continuum 
mechanics theory. If the composite microstructure admits the assumption of spatial 
homogeneity and ergodicity, the RVE can be attained within a specifie accuracy on a 
finite length-scale. Determining this scale is the key objective ofthis thesis. 
In order to theoretically analyze the scale-dependence of the apparent response of 
random microstructures, essential and natural boundary conditions which satisfy Hill' s 
averaging theorem in finite deformation elasticity are first considered. It is shown that the 
application of the partitioning method and variational principles in nonlinear elasticity 
and thermoelasticity, under the two above-mentioned boundary conditions, leads to the 
hierarchy of mesoscale bounds on the effective strain- and free-energy functions, 
respectively. These theoretical derivations lay the ground for the quantitative estimation 
of the scale-dependence ofnonlinear composite responses and their RVE size. 
The hierarchies were computed for planar matrix-inclusion composites with the 
microstructure modeled by a homogeneous Poisson point field. Various nonlinear 
composites with Ogden-type strain-energy function are considered. The obtained results 
are compared with those where both matrix and inclusions are described by a neo-
Hookean strain-energy function as weIl as with the results obtained from the linear 
elasticity theory. The trends toward the RVE are also computed for nonlinear elastic 
composites subjected to non-isothermalloading. The accuracy of the RVE size estimation 
is calculated in terms of the discrepancy between responses under essential and natural 
boundary conditions. OveraIl, the results show that the trends toward the RVE as weIl as 
its minimum size are functions of the deformation, deformation mode, temperature, and 
the mismatch between material properties of the phases. 
The last part of the thesis presents an investigation of the size effect on 
thermoelastic damping of a micro-/nanobeam resonator. It does not follow the framework 
described above. The main concern here is the size and the vibration frequency, at which 
the c1assical Fourier law ofheat conduction is no longer valid, and the finite speed ofheat 
propagation has to be taken into account. 
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Résumé 
Le point principal de cette thèse est la recherche de la taille minimale de l'élément 
de volume représentatif (EVR) et de l' échelonnage à dimension finie des propriétés des 
composites élastiques aléatoires linéaires et non linéaires. L'EVR est un volume matériel, 
qui décrit le comportement global d'un solide hétérogène de manière précise, et est 
l'assomption principale dans la mécanique aux milieux continus. Si la microstructure du 
composite présente une homogénéité spatiale et une hypothèse d'ergodicité, l'EVR peut 
être décrit avec une grande exactitude sur une échelle de longueur finie. Déterminer cette 
échelle est l'objectif clé de cette thèse. 
Afin d'analyser théoriquement la dépendance à l'échelle de la réponse apparente des 
microstructures aléatoires, les conditions limites naturelles et essentielles, satisfaisant le 
théorème de Hill sur l'élasticité à déformations finies, sont d'abord considérées. Il est 
montré que l'application de la méthode à partitionnement et les principes variationnels en 
élasticité non linéaire et en thermoélasticité, avec les deux conditions limites mentionnées 
ci-dessus, conduisent à la hiérarchisation des limites à échelle mésoscopique sur les 
fonctions d'énergie de déformation effective et d'énergie libre. Ces dérivations théoriques 
construisent la base de l'estimation quantitative de la dépendance à l'échelle des réponses 
des composites non linéaires. 
Les hiérarchies ont été calculées en deux dimensions pour des matrices contenant 
des inclusions avec une microstructure modélisée par un champ homogène ponctuel de 
Poisson. Plusieurs composites non linéaires avec une fonction d'énergie de déformation 
de type Ogden ont été considérés. Les résultats obtenus sont comparés à ceux où la 
matrice et les inclusions sont décrits par une fonction d'énergie de déformation de type 
néo-Hookéenne ainsi qu'avec ceux obtenus à partir de la théorie d'élasticité linéaire. Les 
tendances de l'EVR sont également calculées pour les composites élastiques non-linéaires 
sujets à des contraintes non-isotherme. L'exactitude de l'estimation de la taille de l'EVR 
est calculée en termes de divergence entre les réponses sous conditions limites naturelles 
et essentielles. De façon générale, les résultats montrent que les tendances de l'EVR ainsi 
que sa taille minimale sont fonction de la déformation, du mode de déformation, de la 
température et de la variation entre les propriétés des matériaux des différentes phases. 
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La dernière partie de la thèse présente une recherche sur l'effet de taille sur 
l'atténuation thermoélasticitique d'un résonateur à micro/nanofaisceau. Celle-ci ne suit 
pas le schéma décrit ci-dessus. Dans ce cas, le problème principal est la taille et la 
fréquence de vibration, pour lesquelles la loi de Fourier classique sur la conduction de la 
chaleur n'est plus valide. La vitesse finie de la propagation de la chaleur doit également 
être prise en considération. 
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Nearly any engineering material, conventionally considered homogeneous on a 
macroscale, displays heterogeneity on a microscale. Typical examples include metals, 
rocks, wood, biological tissues, foams, etc. In addition, man-made composites, which are 
more and more employed in various fields of engineering, form an important class of 
heterogeneous materials. High stiffness and strength or high flexibility, light weight, 
increased toughness, low thermal expansivity, high fatigue performance and durability is 
an incomplete list of attainable properties of modem composites. 
There are two fundamental questions when dealing with heterogeneous media: (i) 
how to relate the macroscopic behavior of the composite body to the properties of its 
individual components, and (ii) what is the smallest material volume to represent the 
behavior of the composite microstructure. The existing theories are primarily focused on 
the first question, where high level of sophistication has been developed especially in the 
case of linear elastic materials (see, for example, Sanchez-Palencia and Zaoui, 1987; 
Nemat-Nasser and Hori, 1999; Suquet, 1997; Castafteda et al., 2004); while the second 
question, dealing with the determination of the size of a Representative Volume Element 
(RVE), is often ignored. 
The RVE replaces the true material microstructure with a continuum model, 
existence of which is the first assumption of any continuum field theory. Knowing the 
minimal size of RVE becomes important in a number of situations: 
• when statistical fluctuations of the material microstructure exist on a scale 
conventionally considered as homogeneous, but in reality it is not. Such situation is 
encountered when, for example, the size of the finite element is smaller than the RVE, 
which might lead to inaccurate modeling of the engineering problem at hand; 
• the size of a material specimen for testing is smaller than the RVE, which 
happens when there is a need to determine material properties of a structure several 
meters in size (Huet, 1999); 
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• a composite is so expensive that only small samples of it are available or 
manufacturing of the RVE size material is too time-consuming; 
• the dimension of the structure is smaller than the RVE of the material. The 
examples of such structures inc1ude thin films, pavements, coatings, MEMS or NEMS 
(micro- or nano- electromechanical systems). 
The RVE is c1early set up in two basic cases (Ostoja-Starzewski, 1999, 2001): (i) a 
unit cell in a periodic microstructure (Fig. 1.1), and (ii) a domain containing infiniteiy 
many microscale elements (e.g. crystals or inclusions) in a random medium (Fig. 1.2). A 
periodic microstructure is a good approximation of ordered composites, where the certain 
part of the microstructure repeats itself in space. In a random composite, the validity of 
the separation of scales of continuum mechanics should be considered: 
(1.1) 
where dis the heterogeneity size (e.g. dispersion, void or single grain), LRVE is the size of 
the mesoscale or RVE, at which the composite appears to be a representative of the entire 
ensemble, Lmacro is the macroscale (the size of the body). For large mismatches in 
properties, inequality (1.1)1 can be replaced by a stronger statement d « LRVE • 
Equation (1.1) allows one to smooth the heterogeneous microstructure, 
characterized by the microscale d, and work with an effective continuum over the range 
of scales from L RVE through Lmacro. The mesoscale links microscopic properties with the 
macroscopic behavior and is a convenient intermediate scale to work with. 
Figure 1.1. Representative volume element of a periodic composite (adapted from Tanov 
and Tabiei, 2001). 
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Figure 1.2. Two-dimensional realization of a random composite. 
Overwhelmingly, in the case of random media, the prediction of effective properties of 
heterogeneous materials is usually based on a priori assumption of existence of the RVE, 
without clearly specifying its size relative to d. LRVE is often taken to be 10 to 100 times 
bigger than the heterogeneity dimension without any clear reasoning. It is also very 
common to assume the microstructure to be periodic with random distribution of 
inclusions or grains inside the composite. In reality, however, responses ofheterogeneous 
materials are not periodic and one cannot even produce a periodic material that would 
respond periodically (Ostoja-Starzewski, 2005). 
In the absence of spatial periodicity in a random microstructure, the RVE is 
achieved exactly only in the limiting case of t5 ~ OC! , where t5 = L / d is a non-
dimensional measure of the scale size. In many cases, however, one does not need to 
consider infinitely large domains for the determination of material properties, as these can 
be atlained with a sufficient accuracy on a finite scale. The compelling questions become: 
what is the error in the material response as a result of assuming a specifie RVE, and 
what is the effect of scale on the effective constitutive laws? 
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1.2 Background and state of the art 
The standard way of estimating the mmImum SIze of RVE of random materials is 
considering a relative error or deviation from the mean value of a specific property with 
increasing sample size. When deviations become negligibly small, the composite is 
assumed to converge toward the RVE. This representation of the RVE was adopted by 
many authors (Zohdi and Wriggers, 2000, 2001; Kanit et al., 2003; Ren and Zheng, 2004; 
Lachihab and Sab, 2005; Sab and Nedjar, 2005). An alternative definition was proposed 
by Drugan and Willis (1996), who considered the RVE as the volume for which the 
overall effective constitutive model can be accurately characterized by the mean 
constitutive response obtained from the ensemble-averaged mean strain field. In other 
words, it requires not the scatter of results to be small but the average to be accurate. This 
leads to a relatively small RVE size estimation, as was shown by Gusev (1997), using 
Monte Carlo simulations, and by Drugan (2000), using a higher order analysis of overall 
constitutive equation. The numerical simulations, based on the approaches described 
above, can be found in Povirk (1994), Terada et al. (1998), Zeman and Sejnoha (2001), 
Roberts and Garboczi (2000, 2001), Meille and Garboczi (2000), Forest et al. (2000) and 
Segurado and Llorca (2002). Experimental investigation of the minimum size of RVE, 
using digital image correlation technique, was performed by Liu (2005). 
The above-mentioned approaches do not consider the dependence of the RVE 
response on the type of boundary conditions applied, which, on the other hand, should be 
an inherent property of the RVE. Indeed, consider the response obtained on the composite 
samples satisfying two above definitions: if the composite is subjected to the traction 
boundary conditions, but the properties are determined under displacement boundary 
conditions, the response obtained can lead to an erroneous result. These considerations 
were taken into account by Hill (1963), who stated that the RVE must satisfy two 
requirements, namely, (i) it should be structurally typical to the whole microstructure and 
(ii) its properties should be the same under traction and displacement boundary 
conditions. This approach is called an asymptotic bound approach (Huet, 1990; Sab, 
1992; Ostoja-Starzewski, 1998, 2006), which for linear elastic composites can be 
formulated as follows (Ostoja-Starzewski, 1998): 
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Isa \ -1 < ... < Isa \ -1 < Isa \ -1 < ... < S-I _ C < ... < ICe \ < ICe \ < ... < ICe \ 
\ 1 1 - - \ 0' 1 - \ 0 1 - - eff - eff - - \ 0 1 - \ 0' 1 - - \ 1 l ' 
for 1 < 8' < 8. (1.2) 
Here, (S a) is an apparent compliance tensor obtained under uniform static boundary 
conditions and (ce) is an apparent stiffness tensor obtained under uniform kinematic 
boundary conditions. Both (S a) and (C e) are sample size and shape dependant with 
(S a rI approaching effective properties from below and (ce) from above, thus, 
allowing to estimate the minimum RVE size within a specific relative error. Note, for any 
two fourth rank tensors A and B, A s B means that b: A : b sb: B : b for any second 
rank tensor b ;f:. 0 . 
The asymptotic bounds were theoretically derived and numerically estimated for 
many different physical problems, such as linear elasticity (Ostoja-Starzewski, 1998, 
1999), heat transfer (thermal conductivity) (Ostoja-Starzewski and Schulte, 1996), 
plasticity (Jiang et al., 2001; Ostoja-Starzewski, 2Q05; Li and Ostoja-Starzewski, 2006) 
and linear thermoelasticity (Du and Ostoja-Starzewski, 2006). It was shown (see the 
above-mentioned references) that as 8 increases, the material properties approach 
effective values with a certain rate, either rapid, moderate or slow, depending on the 
composite microstructure, properties mismatch of the constituents and their interaction on 
a microscale, the physics of the problem (elastic, elastic-plastic, etc.) and the setting in 2-
D or 3-D. 
In this the sis the asymptotic bound approach is extended to nonlinear composites. 
The examples of composites with nonlinear behavior include filled polymers and 
biological tissues. The addition of soft elastomers to hard brittle polymers improves 
fracture properties; a well-known example of such material is rubber-toughened epoxy 
resin. Other examples are neat plastics, which are often not strong enough to meet the 
requirements of sorne applications such as structural adhesives and high-performance 
composite materials. The addition of various fillers is a common way of improving their 
properties (Paul and Bucknall, 2000). Specific chemical treatment of polymers results in 
their embrittlement and loss ofhyperelasticity. When such treatment is localized, which is 
often observed in polymeric membranes used in geo-environmental barrier systems 
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(Selvadurai and Yu, 2006), initially homogeneous membrane becomes a two-dimensional 
composite of stiff inclusions in soft hyperelastic matrix. 
Various procedures have been developed to estimate the effective properties of 
nonlinear composites, especially for materials govemed by power law constitutive 
response at small strains, see, for example the work by Talbot and Willis (1985), Willis 
(1989, 1991), Castafieda (1989, 1991), Suquet (1992), Moulinec and Suquet (1998, 
2003), Michel et al. (1999), Hazanov (1999), Castaneda et al. (2004), Michel and Suquet 
(2004) and Lopez-Pamies and Castafieda (2006). The influence of the number ofparticles 
on the effective stress response of the composite subjected to finite deformations was 
studied numerically by L6hnert and Wriggers (2003) and L6hnert (2004). Hohe and 
Becker (2005) performed numerical homogenization of a periodic polymeric foams at 
finite strain. A second-order homogenization scheme was considered by Kouznetsova et 
al. (2004). However, no information has been obtained on the size of the RVE of 
nonlinear random composites in the framework of finite theory of elasticity, while 
nonlinear thermoelasticity to the author's best knowledge has not been considered at aIl. 
The objective of this work is to fill this gap and to develop scale-dependent 
homogenization technique which would allow estimation of bounds on the effective 
response of random composites and the size of the RVE for physically nonlinear 
materials subjected to large isothermal and non-isothermal deformations l . 
1.3 Structure of the thesis 
In Chapter 2, sorne basics of continuum mechanics are briefly reviewed and the 
variational princip les of finite elasticity are introduced. Details of the formulation of a 
boundary-value problem of the body, subjected to large deformations, are given. Through 
the application of variational principles, a scale-dependent hierarchy of strain-energy 
functions (i.e., mesoscale bounds) is derived for the effective strain-energy function. In 
order to account for the thermoelastic effects, the variational principles are first 
generalized, and then analogous bounds on the effective thermoelastic response are 
IChapter 5 does not follow the framework described above. It presents a study of the size 
effect on thermoelastic damping of nanomechanical resonators (see, Section 5.1). 
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derived. Different types of boundary conditions are considered and the relations between 
them are discussed. Finally, the difference between nonlinear and linear asymptotic 
bounding problems is considered. 
In order to demonstrate the application of the developed scale-dependant 
homogenization, in Chapter 3, the procedure to quantitatively homogenize the 
heterogeneous medium and determine the RVE size is outlined. Mesoscale bounds 
defined under essential or natural boundary conditions are computed for several nonlinear 
elastic, planar composites, in which the matrix and inclusions differ not only in their 
material parameters but aiso in their strain-energy function representations. Various 
combinations of matrix and inclusion phases described by either neo-Hookean or Ogden 
function are then examined, and the results are compared to those of the linear elastic 
types. 
Chapter 4 is focused on the application of the theory to the estimation and 
comparison of the trends toward the RVE of random non-periodic composites for two 
different theories of thermoelasticity: infinitesimal and finite. The free-energy function 
representation for a composite smaller than the RVE is considered for both theories. The 
scale-dependent bounds are computed for thermal strain and stress coefficients. 
In Chapter 5 we study size effect on the vibration of a micro-/nanobeam resonator. 
The associated thermoelastic damping in such beams is considered from the standpoint of 
a generalized theory of thermoelasticity with one relaxation time. We study the size and 
vibration frequency at which the regular Fourier law ofheat conduction is no longer valid 
and the finite speed of heat propagation has to be taken into account. 
Finally, Chapter 6 gives a brief summary of the results obtained in this thesis and 
oudines perspectives for future work. 
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Chapter 2 
Mesoscale bounds in finite elasticity and thermoelasticity of 
random composites: theoretical considerations 1 
In this chapter, we develop scale-dependent bounds on the effective response of random 
composites for physically nonlinear materials subjected to large isothermal and non-
isothermal deformations. We follow the approach that originated in micromechanics 
sorne fifteen years ago (Huet, 1990; Sab, 1992; see also the review by Ostoja-Starzewski, 
2001), driven by the need to derive continuum random field models from microstructures 
(Ostoja-Starzewski & Wang, 1989). We shall deal with "apparent" material properties at 
finite strain, that is, when the body is smaller than the RVE and when deformations are 
large. The idea is to consider properties of a composite material of the size smaller than 
the representative volume and apply variational principles along with different types of 
boundary conditions to investigate scale-dependence of material properties for various 
types of material microstructure. These results lay the ground for a quantitative estimation 
of the real size of the RVE presented in subsequent chapters. 
2.1 Continuum mechanics preliminaries 
There are three major differences, which distinguish the asymptotic bounding problem in 
finite elasticity from that ofinfinitesimallinear elasticity, namely, for the former: 
1. The deformation can be described in different forms and in terms of different tensor 
quantities. 
2. The complementary energy function is generally unknown, which results in problems 
in formulating the complementary energy principle and the minimum variational 
principles. 
3. The constitutive equations are in general nonlinear and therefore a hierarchy ofbounds 
for effective properties cannot be obtained in tensor form. 
IMost of the material in this chapter has been published as an article in the Proceedings of 
Royal Society, London A (85, 153-173, 2006). 
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The present section deals with the first of these three aspects of the finite 
deformation theory. Consider a thermoelastic body undergoing equilibrium deformation 
in a three-dimensional Euclidian space. Let x and X denote the position vectors of a 
particle inside the body in the CUITent and reference configurations, respectively; then the 
deformation of the body can be described as x = l'(X) (Fig. 2.1). The deformation 
gradient tensor is given by 
F = al'(X) = Gradx = Gradu + 1 
ax 
or F = ax; = au; 5: .. +u 
1) ax ax 1)' 
J J 
(2.1) 
where Gradu is the displacement gradient in material description, ~j is the Kronecker 
delta, and the indices i, j and k take on the values 1, 2, 3. Einstein summation convention 




DivP = 0 or (2.2) 
Here P denotes the generally non-symmetric first Piola-Kirchhoff stress tensor and Div is 
the divergence ca1culated with respect to the reference configuration. 
The key assumption of the finite hyperelasticity theory is the existence of a strain-
energy function If/ = If/(Fij) per unit volume of the undeformed body, which depends on 
the deformation of the material and its properties. In the reference configuration, the 
equation of state of the material can be written as: 
Figure 2.1. A continuum body in the reference and CUITent configurations. 
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If the temperature changes are to be considered, the strain-energy density should be 
replaced by the free energy as a function of both the deformation gradient and the 
temperature. 
The constitutive relation (2.3) is given in the material description, because the first 
Piola-Kirchhoff stress tensor and the deformation gradient tensor are the only quantities, 
for which the averaging theorems and the Hill condition can be formulated in a way 
analogous to the infinitesimal deformation theory (for a discussion of these theorems the 
reader is referred to Section 2.4 of the thesis). Moreover, most of the strain-energy 
functions commonly employed in the literature are defined in the reference configuration. 
Using Eqs. (2.3) and (2.1), Eq. (2.2) can be rewritten as 
(2.4) 
2.2 Minimum theorems in finite elasticity and thermoelasticity 
Variational principles for a material undergoing finite strains have been studied 
extensively by many researchers (e.g. Gao, 1999; Lee & Shield, 1980; Ogden, 1984; 
Koiter, 1976; de Veubeke, 1972; Zubov, 1971; Levinson, 1965). If the principle of 
stationary potential energy in finite elasticity can be formulated similar to that in 
infinitesimal-strain elasticity, the complementary energy principle cannot be established 
without certain restrictions, placed on the strain-energy function. In nonlinear elasticity, 
the strain-energy function may be nonconvex and therefore non-invertible; i.e., the 
deformation gradient cannot be expressed in terms of stress. Even the inversion of convex 
strain-energy functions is extremely difficult in general, which places a limitation on the 
use of the complementary energy theorem. 
To overcome the difficulty of inversion, different "complementary-type" variational 
principles have been introduced in the literature. For the bounding problem considered 
here, we use the variational princip les proposed by Lee & Shield (1980). In the following 
section, we outline this theory and extend it to the case of nonlinear thermoelastostatics. 
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2.2.1 Variational principles in finite elastostatics 
Consider the functional 
(2.5) 
where Vo is the material volume in the reference state, Ui is an admissible displacement 
field such that U i = u? on the portion of the boundary where displacement is prescribed, 
Su, and t/ is the prescribed nominal traction on the remaining part of the boundary, ST. 
Equation (2.5) represents the finite elasticity counterpart of the principle of stationary 
potential energy in linear elasticity theory. The functional P{U;} is stationary for the 
actual solution Ui, which satisfies the equilibrium equation (2.4) in Vo and natural 
boundary conditions 
Olf/ 0 
--n =t on ST. OU. j 1 
l,j 
(2.6) 
Here nj denotes an outward normal vector to the boundary surface in the reference 
configuration. Expanding the quantity P{Ui+ÔUj, UiJ+ÔUiJ} in Taylor series and ignoring 
terms of the third and higher order in ÔUi, one can obtain the condition under which the 
functional P{U;} assumes a local minimum for the actual solution Ui for all non-zero 
values of ÔUi such that ôui = 0 on Su (Lee & Shield, 1980): 





If the condition (2.7) holds, the principle of stationary potential energy becomes the 
minimum principle. Assuming interface continuity of the displacement and traction field 
inside the body, the above variational principle becomes valid for multiphase materials as 
well as for materials with continuously varying properties and can be used to estimate 
bounds on the effective material response. 
We now turn to the investigation of the principle of minimum complementary 
energy. To overcome the difficulties of inversion in formulating the complementary 
energy functional, Lee & Shield (1980) proposed to consider the complementary strain-
energy function lf/e as a function of the deformation gradient rather than the stress: 
(2.8) 
Il 
Then, the complementary energy-type functional Q can be written as: 
(2.9) 
where Vi} is an admissible deformation gradient tensor field satisfying 
8 (8'1/). 8'1/ 0 
-- -- =0 III Voand --nj =ti onST &j 8~ 8~ . (2.10) 
Using the Lagrange multiplier method, it can be shown that the functional (2.9) is 
stationary for Vij = Ui,j + 0i)' where Uj is the actual solution of a given elasticity problem. 
In order for Q to have a local minimum, the following condition should be fulfilled 
f 82'1/ 8uij8u pqdV > 0 
Vo 8U i,j8Up ,q 
(2.11) 
(2.12) 
Equation (2.11) is obtained by applying Taylor series expansion up to the second order in 
8ui} to the quantity Q(uij+8uij}, taking into account that Eqs. (2.12) need to be satisfied by 
both the actual and the admissible solution (see Apendix A). 
Equations (2.5) through (2.12) define the variational principles in finite elastostatics 
for elastic bodies not subjected to constraints. For the case when internaI constraints, such 
as incompressibility, are present, the components of the deformation gradient tensor are 
not arbitrary, and additional conditions need to be considered in formulating minimum 
potential and complementary energy-type theorems (Lee & Shield, 1980). 
2.2.2 Variational princip les in finite thermoelastostatics 
Here we consider an uncoupled thermoelastic problem, in which the material is at rest and 
the heat flow is steady. In this case, the equation of heat conduction can be solved 
separately from the remaining field equations, and the temperature field T is determined 
uniquely by thermal boundary conditions. Minimum energy principles in this case can be 
derived using the Helmholtz free-energy function '1/ = 'I/(F, T) and the Gibbs 
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thermodynamic potential g = g(P, T) in place of the isothermal strain energy and the 
complementary strain energy, respectively. gis associated with If/by the transformation 
g( alf/ ,TJ=If/-~Xj'J' au. au. I,j I,j g(P, T) = If/ - P : F or 
The potential energy functional (2.5) can be rewritten as 
P{Uj} = flf/(Uj,J,Bo)dV - ft?UidS, 
(2.13) 
(2.14) 
where BD is the prescribed temperature field. For simplicity we will assume the 
temperature to be uniform throughout the volume. The Helmholtz free energy in 
nonlinear elasticity has the form (Holzapfel, 2000) 
T 15.T A 






where To is the temperature at reference state, 15.T = T - To is the tempe rature change, If/o 
is the free energy at reference temperature, eo is the internaI energy at reference 
A 
temperature and T is a purely thermal contribution defined as 
A T=80 dT 
T = - fcF(T)(Bo - T)T' 
T=To 
(2.16) 
Here CF(T) is the specific heat capacity at constant deformations. For infinitesimal elastic 
deformations, Eq. (2.15) can be easily reduced to a well-lrnown Helmholtz free-energy 
form by taking If/o = !Cijk/8ij8k/, eo = !Cijk/8ij8k/ + Cijk/8ijaklTO' and assuming CF to be a 2 2 
constant over a given small temperature change. In the above equations, 8 ij is the strain 
tensor, Cijk/ is the stiffness tensor and au is the coefficient of thermal expansion. 
Varying independently the quantities U; and u;J' while keeping the temperature ~ 
constant, it can be proven by the same procedure as used in Section 2.3.1 that the 




for aU non-zero ÔUj vanishing over the surface upon which the displacement is prescribed. 
Applying the transformation (2.13), the complementary functional becomes 
(2.18) 
where g can be written as 
Bo (8'1/0 ) I1T( 8eo ) A g =-- --x· -'IF +- --x -e +T(B) T, 8 I,J 't' 0 T, 8 I,J 0 0 
o Ui,j 0 Ui,j 
(2.19) 
The functional (2.19) assumes a local minimum provided 
f(T 82'1/0 -I1T 82eo )ÔU .. ÔU dV > 0 
V
o 
8U i ,j8u p,q 8U i ,j8u p,q Ij pq 
(2.20) 
for aU nonzero ÔUif satisfying Eq. (2.l2), in which '1/ is replaced by the free-energy 
function (2.l5). The energetic contribution, eo, to Eq. (2.l5) appears only in the modified 
entropic theory of rubber thermoelasticity, and is equal to zero in the case of a purely 
entropic theory, for which conditions (2.17) and (2.20) simply reduce to the isothermal 
inequalities (2.7) and (2.11). 
Note that inequalities (2.7) and (2.11) are the convexity conditions on '1/. They play 
an important role in hyperelasticity by ensuring the stability of the material; the strain-
energy models fitted to available experimental data are commonly designed so as to avoid 
the lack of convexity (Holzapfel et al., 2000). The discussion of the convexity condition 
on the strain-energy function can be found in the work of BaU (1977), Ogden (1984), 
Ciarlet (1988), Gao (1999) and Steigmann (2003). 
2.3 Averaging theorems in flnite deformation theory 
A veraging theorems play a key role in the estimation of the overaU properties of 
heterogeneous materials. It is known that, in the small deformation theory, volume 
averages of infinitesimal strain and stress fields can be fully determined from the surface 
data (e.g. Nemat-Nasser & Hori, 1999). In finite elasticity theory, the relation between 
strain and displacement gradient is nonlinear, which leads to difficulties in evaluation of 
the volume averages. Hence, different deformation measures should be considered when 
dealing with a problem involving finite strain. In this section we will formulate averaging 
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theorems along with the Hill condition for two conjugate quantities, namely, the 
deformation gradient tensor and the first Piola-Kirchhoff stress tensor. For the sake of 
completeness, the proofs of the given theorems are outlined in Appendix B. 
2.3.1 Average deformation gradient theorem 
Deformation gradient is one of the simplest kinematic variables and the only deformation 
measure for which the average theorem can be derived in finite elasticity theory. The 
average theorem for the deformation gradient can be formulated as follows: under 
uniform displacement boundary conditions the volume average of the deformation 
gradient is equal to the deformation gradient applied at the boundary: 
(2.21) 
where Fijo is the prescribed deformation gradient acting on the boundary, So, in the 
reference configuration. The superposed bar here and elsewhere denotes the volume 
average of the overall macroscopic quantity. 
2.3.2 Average stress theorem 
The average stress theorem states that under uniform traction boundary conditions the 
volume average of stress is equal to the stress applied at the boundary: 
(2.22) 
where Pijo is a nominal stress prescribed through the traction field f iO = Pijo n j acting on the 
boundary So in the reference configuration. 
Assuming no jump in displacement and traction across the boundary between 
different phases of the composite, theorems (2.21) and (2.22) can be proven by 
transforming the volume integral via the Green-Gauss theorem. One of the main 
consequences of these theorems is that they allow controlling the values of the effective 
deformation gradient tensor and the first Piola-Kirchhoff stress tensor of a heterogeneous 
material. 
Theorems (2.21) and (2.22) were first considered by Hill (1972) and then re-
examined by many authors (e.g. Nemat-Nasser, 1999; Lohnert & Wriggers, 2003; 
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Costanzo et al., 2005). In fact, in finite elasticity, the average stress theorem holds for 
both spatial and material descriptions (Hill, 1972), i.e., for both the Cauchy and the first 
Piola-Kirchhoff stress tensors. This is not surprising since both tensors represent the same 
resultant force acting on a surface element of the deformed body. 
It is worth mentioning, that ~heorem (2.22) holds only for a static process in the 
absence of body forces. If that assumption fails, one has to consider the effective value of 
a target quantity, not the "true" average over the volume (Costanzo et al., 2005). 
Moreover, in nonlinear elasticity the relations 
--1-
0' il = J P ik F jk , (2.23) 
where 0' il is the symmetric Cauchy stress tensor and J = det(F;j) is the Jacobian, are 
found to be true only under uniform displacement and periodic boundary conditions, and 
meaningful in the case of traction boundary condition (Costanzo et al., 2005). In linear 
homogenization problems, this relation always holds, which is expected since the first 
Piola-Kirchoff and the Cauchy stresses for infinitesimal deformations coincide. 
2.3.3 Hill condition for finite deformations 
A well-known criterion in a homogenization problem is the so-called Hill condition. It 
represents a condition under which the mechanical and energetic definitions of the 
effective properties are compatible. For the deformation gradient tensor and the first 
Piola-Kirchhoff stress tensor, it can be stated as follows (Hill, 1972; Nemat-Nasser, 
1999): 
(2.24) 
The Hill condition is trivially satisfied by a homogeneous body, but imposes certain 
restrictions on the boundary conditions, if the body is heterogeneous. 
Applying the Green-Gauss theorem and noting that from the equilibrium equation in 
the absence of body forces p;),) = 0, we get 
(2.25) 
where So is the boundary surface of the body in the reference configuration. When the 
boundary conditions are such that the right hand side integral vanishes, the average of the 
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product of the defonnation gradient tensor and the stress tensor is equal to the product of 
their averages. This leads to three types of boundary conditions, which allow the use of 
the Hill condition when dealing with inhomogeneous bodies: 
1. Kinematic unifonn boundary condition (KUBC) (prescribing a volume average 
defonnation gradient): 
(2.26) 
2. Static unifonn boundary condition (SUBC) (prescribing a volume average 
nominal stress): 
3. Unifonn orthogonal-mixed boundary condition: 
k -Py°nJ(u; -(Fijo -8ij)XJ= 0, \/Xj E So, 
where the averaging theorems (2.21) and (2.22) have been used. 




and is satisfied by two boundary conditions analogous to the one considered above: 
KUBC u? = 8~Xj' \/x j E as, and SUBC f, = (]'~nj' \/x j E as . 
In the following, we shall use the boundary conditions (2.26) and (2.27) along with 
the variational principles introduced in Section 2.3 for the estimation of bounds on the 
effective response of nonlinear composites. 
2.4 Hierarchies of mesoscale bounds in finite elasticity and thermoelasticity of 
random composites 
Consider a random heterogeneous material, B = {B(m);m E a}, where each point ID 
corresponds to a sample space a and B( m) is a specific realization of sorne spatial (2-D or 
3-D) random process. Here we distinguish only two phases: matrix Bl(W) and inclusion 
B2( m) although the results presented in the chapter can be readily extended to multiphase 
materials. In general, the random medium is described by a distribution of phases, such 
that B\(m)UB2 (m)=B(m) and B\(m)nB2 (m) =0 (Torquato, 2002), which can be set 
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up on the basis of point fields. While in the periodic homogenisation one is usually 
concemed with phase distribution within the periodic window directly taken as the RVE 
(Fig. 2.2), the homogenisation in random media can be carried out only if a statistical 
homogeneity assumption is imposed. This implies the invariance of probability 
distributions under arbitrary translations. In addition, we require the random medium to 
be ergodic, i.e., that any one realization of the composite is representative of the entire 
ensemble: 
(F) = lim _1 fFdV, 
Vo--+oo v: a Vo 
(2.30) 
where (.) denotes ensemble average. 
L 
(a) (b) 
Figure 2.2. (a) a disordered microstructure of a periodic composite with a periodic 
window of size L; (b) one realization of a random composite Bs( m) of size L. 
Next, we introduce a non-dimensional scale parameter, 8 = LI d, where dis the 
heterogeneity size (e.g. single grain) and L is the size of a mesoscale domain. Consider a 
partition of a body of size 8 into n smaller square elements of size 8' = 8 (n = 2 in Fig. 
n 
2.3). Defining two types of boundary conditions (e.g. Ostoja-Starzewski, 2001) -
restricted (the boundary condition specified on the boundary of each element) and 
unrestricted (the boundary condition specified on the boundary of the whole body) - one 
observes that the deformation of the material under the restricted boundary condition 
represents an admissible field for the unrestricted boundary condition, but not conversely. 
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Figure 2.3. Partition of a window Bô of scale ô into four square-shaped sub-windows B~. 
Consider now the uniform displacement boundary condition (2.26) when the 
volume average deformation gradient is prescribed. In this case, ST is equal to zero and 
the functional (2.5) reduces to 
P{UJ = fll/(U;,k,X)dV , (2.31) 
Vo 
where the strain-energy function is now a function of both deformation gradient and 
coordinates. Under the assumption that the minimum theorem holds, the energy stored in 
the body under the restricted boundary conditions is related to the unrestricted one as 
(2.32) 
where \f'(co,Fo) = fll/(co,X,F)dV is the elastic energy of any given realization B(ro) of 
Vo 
the composite, and the superscript r denotes the effective properties obtained under 
restricted boundary conditions. Henceforth, in order to simplify the notation, we shall 
write II/ instead of 11/( co, X, F). With ~ and 1 denoting the RVE size and inhomogeneity 
size, respectively, upon ensemble averaging, we obtain for the upper bound 
19 
The hierarchy (2.33) can be generalized for the case of thennoelastostatics to be 
(\{J(FO ,Bo); 1'. :$ (\{J(F O ,Bo); 8 :$ (\{J(FO ,Bo); 8' :$ (\{J(FO ,BO);I' for 1 < 8' < 8 < ~. (2.34) 
We now turn to the investigation of an analogous reciprocal expression for the 
lower bounds. Under the unifonn traction boundary condition (2.27), the functional Q 
reduces to 
(2.35) 
Since we consider dead loading, the choice of a statically admissible stress does not 
depend on the kinematically admissible defonnation, and, thus, the following inequality 
holds between responses under restricted and unrestricted boundary conditions 
(2.36) 
where \{J'(m,Po) = f{ alf/ Ui} -1f/}dV. From this, upon ensemble averaging, we can 
v. au o lJ 
derive a scale-dependent hierarchy of the lower bound on the effective properties 
('P' (po); 1'. :$ (\{J' (po); 8 :$ (\{J' (po); 8' :$ (\{JO (P O)\, for 1 < 8' < 8 < ~, (2.37) 
which in thennoelastostatics takes the fonn 
(G(P O ,Bo); 1'. '? (G(P O ,Bo); 8 '? (G(P O ,Bo); 8' '? (G(p O ,Bo); l' for 1 < 5' < 5 < ~, (2.38) 
o 1 f where G(m,P ,Bo) = - g(m,X,P,Bo)dV. 
Vo v. o 
Noting that alf/ U ik can be equivalently expressed as P: F we can write aUik 
'P' (m,Po) = Vo (1) : F)- \{J(m, pO) = Vo (po: F)- 'P(m,Po) , (2.39) 
where averaging theorems (2.22) and (2.24) have been employed. For the RVE size 
composite material, application of different types of boundary conditions leads to a 
similar response, and, therefore, \{f0 (m,Po) = \{f0 (m,Fo) and \{f(m,Fo) = \{f(m, Po) . Then, 
the lower bound (2.37) can be rewritten as 
(2.40) 
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Bounds (2.33) and (2.40) allow estimating the convergence rate and, consequently, the 
RVE size for any nonlinear composite satisfying convexity requirements (2.7) and (2.11) 
on their strain-energy function. 
Note that, strictly speaking, /). (denoting the RVE Slze L relative to the 
microheterogeneity, d) is infinite for a random medium lacking any spatial periodicity, 
but the convergence of upper and lower bounds may well be achieved within an accuracy 
of a few percent already at small scales (see e.g. Jiang et al., 2001; Ostoja-Starzewski & 
Castro, 2003 for case studies of two physically nonlinear composites). 
In the small deformation theory, the effective strain-energy function, 
\{Jeff =!E: C eff : E, is equal to the complementary energy function, \{J:U- =!O': Seff : 0', 2 2 
and hierarchies (2.33) and (2.37) can be combined to give (Ostoja-Starzewski, 2006): 
(sa \ -1 < ... < (sa \ -1 < (sa \ -1 < ... < S-I - C < ... < (Cc \ < (Cc \ < ... < (Cc \ (241) 1 / - - <5' / - <5 / - - ej! - eff - - <5/ - <5' / - - 1 / • • 
Here S is the compliance tensor and the superscripts & and (j define properties obtained 
under uniform kinematic and uniform static boundary conditions in linear elasticity, 
respectively. 
Introducing a power-Iaw type energy function into the inequalities (2.33) and (2.37), 
a hierarchy of bounds on elastic tensors can be obtained in the same manner as in the 
infinitesimal strain theory (Hazanov, 1999). In the case of more complex energy functions 
(such as those described by Ogden (1972)), it is more convenient to work directly with 
the energy functions. 
It is worth mentioning that the main assumption involved in the derivation of Eqs. 
(2.33), (2.34), (2.37) and (2.38) is that the minimum principles described in Section 2.3 
hold for any kinematically admissible displacement. In reality, these inequalities provide 
a global minimizer criterion only if the strain-energy function is convex, which is just a 
mathematical assumption. For materials described by nonconvex strain-energy functions, 
bounds (2.33) - (2.38) hold only locally in the range of validity of inequalities (2.7) -
(2.20), which places a limitation on their use. If the inversion of the constitutive relation 
(2.3) is not unique, an alternative complementary variational principle, such as the one 
proposed by Gao (1999) can be used. 
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2.5 Classical bounds 
Early theoretical studies on bounding of effective properties in linear elasticity were 
carried out by Voigt and Reuss, who proposed approximations for the effective material 
properties based on simplifying assumptions, respectively, of uniform strain and uniform 
stress fields inside a composite. A generalization of the above mentioned bounds in the 
context of finite elasticity was first carried out by Ogden (1978) for a convex strain-
energy function. A more general assumption of polyconvexity of '1/ was later considered 
by Castafteda (1989). 





which provides a strict upper (Voigt) bound on material properties. Indeed, as ô 
approaches zero, the displacement gradient field within the composite becomes more and 
more uniform (Fig. 2.3), which finally results in the strain-energy function tending to a 
simple weighted average of the energy functions of both phases: 
(lJ'(F O)) =~'l/l(Fo)+V2'1/2(Fo). o~o (2.44) 
Figure 2.3. Partitioning of a window of scale ôinto four squares of scale ô' < 1. 
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The strict lower (Reuss) bound can be obtained in the same fashion from the 
complementary energy theorem: 
(2.45) 
In practice, the bound (2.45) is of little use since the complementary energy function in 
nonlinear elasticity is generally unknown. We shall therefore investigate the strict lower 
bound in a different way. Consider the complementary energy-type functional in the form 
(2.46) 
where x~ denotes the coordinates of a particle inside the body ln the current 
configuration. Under the kinematic uniform boundary condition Su = So and upon 
application of the Green-Gauss theorem, the functional (2.46) reduces to 
Q{Uij} = - flfldV . (2.47) 
Vo 




which provides a strict lower bound on the effective strain-energy function. 
Note, that the Voigt and Reuss bounds do not give any information on the size of 
the RVE and, while rigorous, provide a very bad estimate of the effective mate rial 
properties. As is weIl known, the Hashin-Shtrikman bounds (Hashin and Shtrikman, 
1963; Castafieda, 1989) also provide bad estimates as the phases' mismatch in the 
microstructure grows. By contrast, the bounds investigated in Section 2.5 are 
progressively tight with the mesoscale growing. 
2.6 Order relationships for mixed boundary conditions 
In the above derivations, we used two boundary conditions (2.26) and (2.27), which 
provide upper and lower bounds on the effective response of random composites, 
respectively. These boundary conditions are easy to treat analytically and numerically, 
however, they are difficult to apply practically. On the other hand, an experimental setup 
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can be best represented by mixed boundary conditions. For example, in a simple tension 
test the displacement boundary conditions are applied on two parallel faces while the 
remaining four faces are traction-free. 
The question of evaluating effective properties under mixed boundary condition 
(2.28) in linear elasticity was studied by Hazanov and Huet (1994), Hazanov and Amieur 
(1995) and Hazanov (1998). They considered a family of orthogonal mixed boundary-
value problems, which satisfy the Hill condition and are defined in the following form: 
(2.50) 
(2.51 ) 
It was shown that under this type of loading, the overall mixed stiffness tensor falls 
between the static and kinematic one: 
(2.52) 
Here superscript m denotes the solution field in the mixed boundary-value problem. 
Other types of boundary conditions considered in the literature involve earlier 
discussed periodic boundary conditions (see Chapter 1) and the so-called minimal 
kinematic boundary conditions introduced by Mesarovic and Padbidri (2005). While the 
stiffness from the periodic boundary conditions levels off very rapidly, the computed 
response, under the minimal kinematic boundary conditions, approaches the effective 
properties from below and generally represents an alternative to the lower bound with an 
artificially imposed averaged strain field. None of these boundary conditions satisfies the 
Hill averaging theorem (2.24) and, in general, cannot be applied experimentally. 
Let us now examine order relations for mixed boundary-value problems in nonlinear 
elasticity. 
Following Hazanov and Huet (1994), due to no stress requirements on the 
boundary, So = Su, any divergence-free stress field is an admissible field for the 
kinematic boundary condition, defined below by a superscript F. From the minimum 
complementary energy-type theorem it follows 
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or, applying the divergence theorem to the left hand side, 
(2.54) 
Proceeding in an analogous way, but using the minimum potential energy theorem, we 
find 
(2.55) 
since under the static boundary condition, defined above by a superscript P, an admissible 
displacement field is not subj ect to any requirements on the boundary. 
With the use of the divergence theorem, it can be easily shown that the right hand 
side of Eq. (2.54) is equal to the right hand side of Eq. (2.55). Therefore, combining Eq. 
(2.54) with Eq. (2.55), we get 
(2.56) 
We cannot further simplify inequalities (2.56) unless additional information is known 
about the strain-energy function, although certain conclusions can be made at this stage. 
Let us consider a specific mixed boundary-value problem, where ~jO = 0, VX j E Sr' This 
will simplify Eq. (2.56) to 
(2.57) 
which shows that the strain-energy function under mixed boundary conditions is bounded 
from above by the strain-energy function, obtained under kinematic uniform boundary 
conditions. In the following chapter, we will numerically estimate bounds on the strain-
energy function, and investigate the convergence of the material response under different 
types ofmixed boundary conditions in nonlinear elasticity. 
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2.7 Linear versus nonlinear bounding problems 
Effective properties of a random composite in linear thermoelasticity were recently 
studied by Du & Ostoja-Starzewski (2005); a scale-dependent hierarchy of bounds on the 
thermal expansion coefficient was derived in a way analogous to the one considered in 
this work. Now, contrary to the linear elasticity case, the behavior of random nonlinear 
composites, subjected to temperature changes, is not governed by a thermal expansion 
coefficient aij alone, but by a number of temperature dependent constants. Moreover, the 
only materials, which respond elastically when subjected to finite strains and temperature 
changes, are biological soft tissues and rubber-like materials (Holzapfel, 2000), whose 
thermomechanical behavior is almost entirely based on the entropy concept. Total stress 
in these materials is caused by a change in entropy with deformation, while internaI 
energy does not change with deformation at all. Therefore, the behavior of composites in 
finite thermoelasticity is expected to be very different from the one in linear elasticity. 
The focus of this section is comparing the above-derived hierarchies in nonlinear 
elasticity with the results in the linear elasticity theory. 
Consider an isothermal elasticity problem. In linear elasticity, the volume average 
of strain energy of the body can be fully determined from surface data, if one of the 
"canonical" boundary conditions, Eqs. (2.26) or (2.27), is applied. One of the main 
consequences is that, for a macroscopically isotropie composite with isotropic phases, the 
hierarchy on effective infinÏtesimal strain-energy function can be separated into 
volumetrie and deviatoric parts, which cannot be done in nonlinear elasticity. Indeed, the 
isotropie strain-energy function for infinitesimal-strain elasticity can be stated in the 
following form: 
(2.58) 
where K is the bulk modulus, J.i is the shear modulus, e = Ckk is the volumetrie strain and 
C~ = ci} -.!Ckkb"i} is the deviatoric part of the strain. The strain-energy form (2.58) plays 
3 
an important role in proving the existence and uniqueness of solution in linear 
elastostatics. The first and second terms of Eq. (2.58) are independent variables and 
26 
represent volumetrie and deviatoric parts of If/ , respectively. Eq. (2.58) can be rewritten 
as 
(2.59) 
Here P = -.!O'kk is the mean pressure and O'~ = O'i) -!O'kkb'ij is the deviatoric part of the 
3 3 
stress. Since the deviatoric and volumetrie stress and strain tensors are mutually 
orthogonal, it follows from the Hill condition that 
(2.60) 
Hence, the average strain energy under uniform volumetrie or isochoric boundary 
conditions is fully determined by the corresponding volumetrie or isochoric stress and 
strain fields on the boundary. It is important to notice that, by defining an apparent bulk 
P 1---1 
modulus as K = --=- and an apparent shear modulus as M = -O'~ &~ ,one can estimate 
e 2 
bounds on the effective volumetrie and isochoric responses. Thus, applying uniform 
volumetrie strain on the boundary after ensemble averaging we get 
K = (K~) ~ (K;) ~ (K;.) ~ (Kt), for 1 < b" < b' < 11, (2.61) 
Whereas the uniform isochoric kinematic boundary condition leads to 
(2.62) 
The reciprocal expression for the lower bound on the effective response can be obtained 
from the complementary energy function, which gives 
K-1 = (K:) -1 ~ (K;) -1 ~ (K;) -1 ~ (Kr) -1, for 1 < b" < b' < 11 , (2.63) 
(2.64) 
In the nonlinear elasticity of compressible rubber-like materials, the strain-energy 
function, If/, can be also split into a volumetrie part, If/vol, and isochoric part, If/iso, 
(Holzapfel, 2000). However, the application of the purely volumetrie boundary condition 
does not give a zero isochoric contribution to the average strain energy and vice versa. 
The reason for this is the complex nature of the strain-energy function, which, in general, 
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cannot be expressed as a product of the nominal stress and the deformation gradient just 
as it was done in Eq. (2.60). 
In the potential (2.15), the only term, that is independent of deformation, is the 
A 
purely thermal contribution, T(T). This term does not depend on the type of the 
mechanicalloading and, therefore, is the same under restricted and unrestricted boundary 
conditions: 
(2.65) 
Rence, the purely thermal contribution can be ignored in hierarchies (2.34) and (2.38). 
As pointed out in Section 2.3.2, the energetic contribution, eo, to the free-energy 
function (2.15) is equal to zero in the case of a purely entropic theory, in which the 
thermoelastic bounding problem becomes identical to the purely elastic one. In the most 
general situation, eo is assumed to be a function of the volume ratio, eo (u i ,)) = eo (J) 
(Chadwick, 1984). Thus, in contrast to the linear elasticity theory (see, Du and Ostoja-
Starzewski, 2005), the hierarchy (2.34) cannot be separated into purely mechanical and 
purely thermal parts, and one has to consider the first two terms of If in Eq. (2.15) jointly. 
2.8 Closure 
In this chapter, the variational principles of Lee & Shield (1980) have been extended to 
the case of finite thermoelastostatics. It was shown that the uniform displacement and 
traction boundary conditions can be used, respectively, to obtain the upper and lower 
bounds on the effective energy functions of a composite at finite deformations under 
isothermal and nonisothermal loading. Rigorous upper and lower bounds are considered 
and the order relations for mixed boundary-value problem are discussed. The approach 
developed in this chapter can be used to estimate the scale dependence (Le., the 
mesoscale bounds) on the effective response ofrandom microstructures in finite elasticity 




The minimal size of the representative volume element 
for nonlinear-elastic random composites: 
computational results 1 
Investigation of the convergence trend (i.e., scale effects) in the stochastic constitutive 
law of random composites allows the estimation of the size of the RVE within certain 
accuracy, which should be defined depending on the specific engineering applications. 
This chapter presents the computation of the derived mesoscale upper and lower bounds 
(based on the uniform kinematic and static boundary conditions, respectively) for 
nonlinear elastic random composites at finite strains. We compute these bounds for 
different types of composites, comparing linear and nonlinear elasticity theories. 
3.1 Material model 
We consider a material made of an elastomeric matrix with randomly distributed 
nonlinear elastic inclusions. Such a composite is often employed in industry to enhance 
the mechanical properties of polymeric materials (Gatos et al., 2004), to improve their 
toughness (Martin et al., 2004; Wong and Mai, 1999) or their impact strength (Schneider 
et al., 1997). It also models sorne biological tissues (Brain network laboratory, Texas 
A&M University). 
Here, we study a two-dimensional nonlinear composite with the microstructure 
modeled by a planar homogeneous Poisson point process with a probability mass function 
defined as 
P{N(A) = k} = e-2(A) Â(~)k , Ac R 2 , (3.1) 
where N(A) is the number of successful trials and Â(A) is a parameter defined as 
1 Most of the material in this chapter has been published as an article in the Journal of 
Elasticity (462, 1167-1180, 2006). 
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À(A) = f Area(B(w)) , 
Area(A) (3.2) 
where f is the prescribed volume fraction of inclusions. Poisson points are generated in 
such a way that no two points may be closer than a certain distance D = 1.ld , where d is 
the diameter of the inclusions. Imposing this non-overlap condition allows us to avoid 
numerical difficulties associated with narrow necks between inclusions, which can be 
crucial in simulations involving finite deformations. 
For numerical simulations we consider a compressible isotropic hyperelastic 
material ofOgden type (Ogden, 1984) with the strain-energy function given by 
N 2f.1 - - - -f 1 . VI = I-2' (~ai + ,.1,2 ai + ,.1,3 ai - 3) + L..J-(J _1)2/, 
i=1 ai i=1 Di 
(3.3) 
where Àa are the principal values of the deformation gradient, J = ~À2À3 is the Jacobian 
and N, f.1i' ai' Di are the material parameters. 
When perturbed around the undeformed configuration, the material constants of any 
hyperelastic material are adjusted to give a response with known Lame constants, JJQ and 
,.1,0 = Ko -~ f.10' (Ciarlet, 1988). For the Ogden form, these initial moduli are related to the 
3 




where Po is the initial shear modulus and Ko is the initial bulk modulus. 
(3.4) 
(3.5) 
When dealing with a nonlinear composite, it is unclear how to define the mismatch 
between the phases, especially when they are described by two different forms of the 
strain-energy function. While most engineering materials for which the linear elasticity 
theory is applicable are compressible, the hyperelastic response is characterized by near 
incompressibility. For a typical elastomer, the initial bulk modulus exceeds the shear 
modulus by 1,000 to 10,000 times, and, therefore, a mismatch (or contrast) between two 
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phases a in the hyperelastic composite would be more logically defined in terms of the 
initial shear modulus rather than in terms of the bulk modulus or other material 
parameters in general. 
The physical properties of the materials used in the illustrative examples are listed 
in Table 3.1. Material 1 defines a typical rubber (Ogden, 1984), and materials 2 and 3 are 
of neo-Hookean type (Rivlin, 1948), which, as can be seen from the table, can be 
obtained as a special case of the general Ogden strain-energy potential (3.3). The neo-
Hookean type strain-energy function is the simplest form of '1/ and a generalization of the 
linear stress-strain relation in finite elasticity. It yields results which are in a good 
agreement with experiments within the smaIl strain domain, and, therefore, is preferable 
to be employed when deformations are relatively small. 
Table 3.1. Material properties used in the computational examples. 
Material Material parameters Initial shear modulus 
N = 3, Pl = 4.095 .105 N/m2, al = 1.3 
P2 = 0.03.105 N/m2, a 2 = 5.0 
Po = 4.225 .105 N/m2 1 
PJ = 0.1.10 5 N/m2, a J = -2.0 
Dl = 4.733 ·10-8 N/m2, D 2 = 0, DJ = 0 
N = 1, Pl = 42.25 .105 N/m2, al = 2.0 
Po = 42.25 .105 N/m2 2 
Dl = 4.733 .1O-8 N/m2 
N = 1, Pl = 4.225.10 5 N/m2, al = 2.0 
Po = 4.225 .105 N/m2 3 
Dl = 4.733.10-8 N/m2 
It is worth mentioning that the strain-energy potential (3.3) together with the 
parameters defined in Table 3.1 satisfies inequalities (2.7) and (2.11), and, therefore, the 
bounds (2.33) and (2.37) hold over aIl admissible deformations. 
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To illustrate and compare the convergence of bounds (2.33) and (2.37), we 
investigate four nonlinear elastic composites of the following types: 
(i) 
No. 1: neo-Hookean inclusions in Ogden matrix with :Im) = 10, 
(i) 
No. 2: Ogden inclusions in neo-Hookean matrix with :Im) = 0.1, 
(i) 
No. 3: neo-Hookean inclusions in neo-Hookean matrix with :;m) = 10, 
(i) 
No. 4: neo-Hookean inclusions in neo-Hookean matrix with :;m) = 0.1 , 
as weIl as two linear elastic composites: 
p{i) K(i) 
No. 5: p(m) = 10, K{m) = 10, 
p(i) K(i) 
No. 6: p(m) = 0.1, K(m) = 0.1, 
where p is the shear modulus and K is the bulk modulus. The volume percentage of 
inclusions is chosen to be 35%, which corresponds approximately to 18% in three 
dimensions (Zohdi and Wriggers, 2001). Perfect bounding between a matrix and 
inclusions is assumed. 
3.2 Discretization 
The finite element analysis is carried out using the commercial software ABAQUS 6.5. 
The discretization is performed with a non-uniform mesh (Fig. 3.1), generated 
automatically with the use of the scripting interface. This mesh shows a significantly 
betler convergence to the true solution with a smaller number of degrees of freedom 
(DOF) compared to a mesh with square-shaped uniform elements. Over a series of 
repetitive refinements, an average element size of 0.75 for d = 10 (approximately 450 
DOF for Ô = 1 and 70500 DOF for Ô = 16) was found to pro duce mesh-independent 




Figure 3.1. The finite element mesh of a composite in (a) undeformed and (b) deformed 
(traction boundary conditions) configurations. 
3.3 Ensemble averaging 
Before proceeding with numerical experiments, the number of microstructural assemblies 
for each window size 0 must be investigated. As the window size is increasing, the 
probability of occurrence of extremely large or small values of the stored strain energy 
becomes smaller. As a result, the standard deviation, 0; approaches zero as 0 ~ 00 (for 
the discussion of the dependence of the standard deviation on 0, see Section 3.4.2). Thus, 
the larger the window size, the lower the number of numerical experiments required to 
obtain statistically representative result. The following numbers of realizations of a 
random composite were generated: 512 for 0 = 1; 384 for 0 = 2; 160 for 0 = 4; 40 for 
o = 8 and 10 for 0 = 16. 
It is also interesting to determine a probability density function that best describes 
the energy density distribution of the composite at different scales. Such an analysis was 
carried out for the nonlinear composite No. 1. It was found that the distribution function 
does depend on the scale. However, averaging over aIl the scales showed that, for both 
displacement and traction boundary conditions, the Beta and Chi distributions give the 
best fit among aIl the classical distributions with a 0.8% difference in the Kolmogorov-
Smimov test statistic. The plot of the corresponding Beta functions for each scale is given 
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Figure 3.2. Dependence of the average strain energy of a composite on the number of 
degrees of freedom. 
With the window size increasing, the probability density function flows away from 
the end points, converging to the Dirac delta as 5 ~ 00. Moreover, depending on the 
boundary conditions, the mean value shifts to the right or to the left. The negative sign of 
the strain energy in Fig. 3.3 (b) is a result of the way we calculate the energy density 
under traction boundary condition (2.39), and this is described in more detail in the next 
section. 
3.4 Numerical results 
3.4.1 Bounds on effective properties 
If the microstructure statistics admits isotropy, then, upon ensemble averaging (which 
involves integration over aH the realizations of the random microstructure), the 
microstructure response is isotropic - no material direction has any preference. This 
reasoning is implicitly involved in the development of the constitutive laws of materials 














































Figure 3.3. Probability densities for the stored strain-energy density of the nonlinear 
composite No. 1 under (a) uniform displacement and (b) uniform traction boundary 
conditions. 
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are taken to remove the directional dependence, then isotropy of the ensemble-averaged 
response is also very well supported by numerical simulations. For example, in linear 
elasticity, computational results show that (c <5 ) is an isotropic forth-rank tensor 
(Lachihab and Sab, 2005), whereas in nonlinear elasticity the ensemble averaged stress 
under KUBC has zero shear components, which can be expected only for an isotropic 
response. Analogous results are obtained under static uniform boundary conditions for the 
ensemble averaged deformation gradient tensor. 
In the following, we take (If <5) to be an isotropic scalar valued function of F, and 
we treat the ensemble averaged material response of the nonlinear composite as generally 
isotropic. Consequently, the stored energy function (If <5) may be regarded as a symmetric 
function of the three extension ratios Aa' 
For a good description of hyperelastic materials, more than one type of test is 
required. In case of only one test, the non-uniqueness of material parameters fitted to the 
experimental data may occur (Ogden et al., 2004). This is particularly important when the 
material is defined by a complex strain-energy function, such as the one given by 
equation (3.3). Generally, any deformation mode can be investigated. However, from the 
experimental standpoint, the most common deformation modes are considered to be 
sufficient to determine material coefficients (Ogden, 1984). We assume plane-stress 
deformations and consider three different deformation modes: uni axial tension, 
equibiaxial tension and pure shear; along with three types of boundary conditions, 
summarized in Table 3.2. 
It is very difficult to obtain pure shear response in the nonlinear composite under 
SUBC specified in the reference configuration (see Eq. (2.27)), unless deformations of 
the material are known a priori. Moreover, since the surface traction applied on the 
boundary of the sample is a dead load, numerical difficulties associated with the 
excessive finite element distortions in shear and boundary contact make determination of 
the stress-strain curve almost impossible. Note that the dead load assumption allows us to 
use variational principles in the derivation of the mesoscale bounds without placing any 
limitation on the choice of the statically admissible stress. 
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Table 3.2. Boundary conditions used in the computational examples. 
Deformation 
Uniaxial tension Equibiaxial tension Pure shear 
modes 
Static ~~ =P, ~~ = P2~ = P, 
uniform b.c. -
(SUBC) P2~ = ~~ = P2~ = 0 ~~ = P2~ = 0 
Kinematic ~~ = \~)P, F2~ = \Â2)P, F;~ = F2~ = Â, o 0 1 F;I =Â, F22 =-, 
uniform b.c. Â 
(KUBC) F;~ = F2~ = 0 F;~ = F2~ = 0 F;~ = F2~ = 0 
Orthogonal- F;~ = \ ~) P , F2~ = \ Â2) P , F;~ = F2~ = Â, o 0 1 F;I = Â, F22 = Â' 
mixed b.c. 
(MIXED1) ~~ = P2~ = 0 ~~ = P2~ = 0 ~~ = P2~ = 0 
Orthogonal-mixed boundary conditions specified in Table 3.2 reproduce a possible 
experimental setup, when displacements are applied without friction on aU sides of the 
specimen (Fig. 3.4). These boundary conditions are important from the practical 
viewpoint as they aUow one to compare numerical simulations with the experimental 
results. 
For the sake of comparison, we also investigate a uniform mixed boundary 
condition (MIXED2), proposed by Hazanov and Amieur (1995), see Eqs. (2.50 - 2.51). In 
this boundary condition, the uniform displacement component is applied without friction 
in the direction Xl at the upper and lower ends of the specimen (Fig. 3.5), on the lateral 
sides, U1 = (F;~ -1)X1 and t 2 = 0 are applied. In Fig. 3.6, sample deformations of a rather 
large mesoscale under different boundary conditions are given. 
Figures 3.7-3.10 present a nonlinear composite response under uniaxial loading. 
From the stress-strain curves, we observe that the effective response for aU the 
composites is bounded from ab ove by the response under displacement boundary 
conditions and from below by the response under traction boundary conditions. 
Orthogonal mixed boundary conditions, MIXED 1, give an intermediate result for 8 > 2 
and tend to overestimate the effective response for smaUer window sizes. The curves 
obtained under uniform mixed loading, MIXED2, almost overlap the results under KUBC 
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(Fig. 3.11). It is interesting to note that, while in the first composite (where matrix is 
represented by a soft Ogden type material), the curves change their shape gradually from 
the neo-Hookean to Ogden type response, in the second composite the curves are more 
shifted toward the hard phase. Analogous results were obtained for all deformation modes 
considered, which are not shown here for the sake ofbrevity. 
Figure 3.4. Loading under orthogonal-mixed boundary condition, MIXED1. 
Figure 3.5. Loading under uniform mixed boundary conditions, MIXED2. 
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Figure 3.6. Contour plots of logarithmic strain in the direction X2 under different 
boundary conditions: (a) SUBC, (b) KUBC, (c) MIXED1, (d) MIXED2. 
The material coefficients were computed for each stress-strain data set using the 
standard fitting procedure and the Ogden model with N = 1, N = 2, N = 3 (Ogden et al., 
2004). It was found that for composite No. 1, the strain-energy function with three terms 
provides the best fit up to 8 = 2 under KUBC, whereas the one-term strain-energy 
function and the neo-Hookean model give better results for 8 = 1 under KUBC, and for 
the Voigt bound, respectively. An opposite situation is encountered for the composite No. 
2, where the three-term Ogden function is slowly changing to a two-term function at 
8 = 2 under SUBC, and to a neo-Hookean model at 8 = 16 under KUBC. Unfortunately, 
we cannot mathematically de scribe the transition of each material parameter from the 
lower to the upper bound. The reason for this is that even a slight change in the material 
response produces a completely different set of fitted material parameters, and, therefore, 
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Figure 3.9. Stress-strain curves of the random composite No. 3 under uniaxialloading. 
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Figure 3.10. Stress-strain curves of the random composite No. 4 under uniaxialloading. 
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Figure 3.11. Stress-strain curves of the random composite No. 1 under uniaxial loading 
with the mixed boundary conditions of the second type. 
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The only material parameter for which the scale-dependence can be defined 
mathematically is the initial shear modulus (Fig. 3.12). lndeed, it was found that 
Ji: = Aexp[m8] - Bexp[-n8], 
Ji: = C exp[ -k8] + D exp[ - p8] , 
(3.6) 
(3.7) 
where A, m, B, n, C, k, D and p are parameters obtained through a nonlinear least-square 
fitting procedure (Table 3.3). 
Table 3.3. Parameters in equations (3.6) and (3.7) for different composite models. 
Composite A .10-5 m B .10-5 n C .10-5 k D .10-5 P 
1 5.5 0.0004 0.3 0.766 6.2 0.0076 11.9 1.172 
2 14.6 0.0065 10.3 0.472 18.7 0.0017 4.7 0.656 
3 6.5 0.0010 0.8 0.635 7.6 0.0058 8.9 1.001 
4 16.8 0.0054 10.7 0.587 20.6 0.0017 5.2 0.858 
For the composite No.l under KUBC, a difference of approximately 30% occurs 
between the initial shear modulus of samples that were 2 times and 16 times bigger than 
the heterogeneity size, whereas under SUBC, the difference is only 2%. The opposite 
result is encountered for the composite with soft inclusions (No. 2): 9% difference under 
KUBC and 33% under SUBC. It noteworthy that the studies of a linear microstructure 
with random distribution of pores, modeled as soft inclusions (Zohdi and Wriggers, 
2000), revealed the difference of 2.6% for the effective shear response under KUBC. Our 
study shows that results obtained under only KUBC might lead to a wrong estimation of 
the RVE, and for a reliable estimate, one has to consider the convergence ofboth bounds. 
The curve fitting for neo-Hookean type composites showed that an the ensemble-
averaged responses are best represented by the neo-Hookean form. The slight deviations 
from the neo-Hookean model are small compared to the other forms. Analogous 
observations were made for the effective material response by Lëhnert (2004). 
A strain-energy density is a function of the three principal stretches, and, therefore, 
has different values for different boundary conditions. To demonstrate the convergent 
trends of bounds (2.33) and (2.37), we will consider each deformation mode given in 
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Figure 3.12. Bounds on the initial shear modulus for different composites: (a) No. 
1, (h) No. 2, (c) No. 3, (d) No. 4. 
1) Compute response under SUBC and ohtain (\fi. (PO)) o. 
2) Apply KUBC through Â~ = (Âi ) :=o"",x and ohtain (\fi (Fo) ) 0 • 
3) Compute lower hound on the strain-energy function using the following relation: 
(3.8) 
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When bïncreases, the gap between (\f'(FO))o and (\f'(PO)t becomes smaIler, and this 
can then be used to estimate the size of the RVE with a certain accuracy. In our numerical 
analysis, we choose ômax = 16, given the limitation of our computer (11GB of random 
access memory). 
The results for two nonlinear composites are shown in Fig. 3.13. The values of the 
strain energy are normalized with respect to the Voigt bound. The numerical simulations 
support theoretically derived results (2.33) and (2.37): the natural boundary condition 
provides the upper bound, while the essential boundary condition provides the lower 
bound. The comparison shows that for aIl the deformation modes the hierarchical trends 
are similar. However, when the matrix is soft, the lower bound converges faster, whereas 
for a composite with the hard matrix the lower bound approaches the effective value 
slower than the upper one. An analogous conclusion can be made for aIl the composites 
studied (see Figs. 3.14 - 3.15). Surprisingly, a well-known fact in linear elasticity that the 
situation of soft inclusions in a stiff matrix converges slower toward the RVE than the 
situation of stiff inclusions in a soft matrix (Ostoja-Starzewski, 1998, 1999) (Fig. 3.15) 
does not hold in finite elasticity (Fig. 3.13 -3.14). 
For illustration purposes the results under uniform mixed loading, MIXED2, are 
presented only for composite No. 1 (Fig. 3.13,a), as similar trends were observed for aIl 
the materials studied. As expected from the stress-strain response (Fig. 3.11), the strain-
energy trend under this boundary condition almost overlaps the response under KUBC. 
This suggests that this type of loading cannot be used for a quick characterization of 
effective properties. On the other hand, the mixed-orthogonal boundary condition, 
MIXEDI, yields an intermediate result, which asymptotes rapidly. This implies that the 
effective properties under this boundary condition can be obtained for a composite with 
relatively small number ofheterogeneities. 
When t5 ~ 0, mesoscale samples can be considered to be homogeneous with the 
material corresponding to either matrix or inclusions; and mixed boundary conditions 
become identical to dispiacement-controlled boundary conditions. This explains why the 
response under the mixed-orthogonal boundary condition converges from above. It is 
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(i) 
observed that for the composites with ;{m l = 0.1 , the response under the mixed boundary 
condition does not decay monotonicaHy: it shifts in the range of 1 < 0 < 4 for aH 
nonlinear materials under uni axial and biaxial tension. 
In Figure 3.15, we compare the mesoscale bounds on the strain-energy function 
with the bounds on the effective stiffness tensor in linear elasticity. These bounds 
represent different quantities and are computed under different boundary conditions. To 
estimate the convergence of the strain energy, we first compute the response under SUBC 
and then apply the resulting ensemble-averaged strain in KUBC using only one set of the 
boundary conditions defined above. In order to estimate apparent modu/i in linear in-
plane elasticity one needs, at least, three tests to determine six unknowns: ClIlI , C2222 , 
SUBC (Ostoja-Starzewski, 2006). Therefore, it is interesting to find that the convergence 
rates in both cases are similar, which means that both methods can be altematively used 
in the estimation of the RVE. 
Another distinct feature of nonlinear elasticity is the dependence of the convergence 
rate on the deformation. We investigate such dependence for the nonlinear composite No. 
1 (Fig. 3.16, 3.17). We define a discrepancy as 
D = R; -R; .100% (R; + R; )/2 ' (3.9) 
where R; = ('l'e) 0 is the response under essential boundary conditions (KUBC), and 
R; = (p;=Omax : F2=omax - 'l'on) 0 is the response under natural boundary conditions (SUBC). 
Due to the high scatter of numerical results for À,~1.25, the discrepancy curve in this 
e n 
range is replaced by a dashed Hne, approaching D = Po - Po as Â ~ 1. The graph 
(p~ + p;)/2 
shows that the dependence of the convergence rate on the stretch value is highly 
nonlinear, with a large difference between uniaxial and biaxial results for small À. 
Moreover, the normalized effective response changes with the stretch ratio. 
Even for the neo-Hookean type composites, there is a dependence of the 
convergence rate on the deformation. Comparing different composites at 0 = 16, the 
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discrepancy is increasing in the following order: linear elastic composite, neo-Hookean 
composite and Ogden-neo-Hookean composite for the mismatch ratio a = 10, and in the 
inverse order for the mismatch ratio a = 0.1. The comparative study of sorne other cases 
can be found in Ostoja-Starzewski et al. (2006). 
In conclusion, the RVE size will change depending on the quantity of interest: the 
maximum stretch ratio, the deformation mode and the mismatch of properties of 
constituents. Based on the energy bounds for composite No.1, an approximate estimation 
of the RVE (under uni axial tension, for stretch ratioÂ = 5) is as follows: 8 = 16 
corresponds to 6.4%, 8 = 8 to Il %, and 8 = 4 to 18.8% error/discrepancy in overall 
effective properties. Hence, if results with 6.4% accuracy are considered to be acceptable 
for a particular test or analysis, 8 = 16 can be chosen as the RVE. 
3.4.2 Statistical approach to the RVE size estimation 
One of the methods for determination of the RVE, often considered in the literature (see, 
for example Gusev, 1997; Zohdi and Wriggers, 2000; Zohdi and Wriggers, 2001; L6hnert 
and Wriggers, 2003; L6hnert, 2004; Hohe and Becker, 2005) is the investigation of a 
property or stress/strain field fluctuation when the sample size is increased. The RVE size 
is then taken to be the size at which the increase in the number of composite realizations 
does not improve the estimation of sorne particular property. 
For the completeness of presentation, we consider such an approach and investigate 
the influence of the composite type and the boundary conditions on the coefficient of 
variation Cv of the corresponding strain energy and complementary energy (Fig. 3.18). 
As can be seen from the graphs, the coefficient of variation strongly depends on the 
boundary conditions, and, with a few exceptions, is almost identical for different 
composites for 8 > 8 . 
For the RVE size 16 times bigger than the heterogeneity size (8 = 16), the 
normalized standard deviation of the random fluctuations of the effective strain energy is 
less than 2%, whereas the discrepancy in strain energy, as it is calculated in the previous 
section, can be estimated to be over 6%. Thus, the statistical approach generally 
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Figure 3.13. Energy bounds for the nonlinear random composite of Ogden - neo-Hookean 
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Figure 3.14. Energy bounds for the nonlinear random composite of neo-Hookean - neo-
Hookean type (No. 3 and No. 4) under uniaxial tension. 
3.5 Closure 
In this chapter we presented and applied the homogenization procedure developed in 
Chapter 2 to quantitatively estimate the scale-dependence of the apparent responses of 
random composites for which material properties of the matrix and inclusions differ not 
only in material parameters but also in strain-energy function representations. The results 
obtained are compared with those where both matrix and inclusion are described by a 
neo-Hookean strain-energy function as well as with the results obtained from linear 
elasticity theory. The main findings and conclusions are summarized below: 
(i) It is shown that the uniform displacement and traction boundary conditions 
provide, respectively, the upper and lower bounds on the stress-strain response and on the 
effective strain-energy function for all the nonlinear elastic and linear elastic composites 
considered. Thus, the proposed scale-dependent homogenization allows one to estimate 
the RVE properties on the finite scales within any desired precision. 
(ii) Convergence ofbounds towards the RVE depends on the mismatch a defined as 
the ratio between initial shear modulus of inclusions and matrix, the deformation and the 
deformation mode. For the mismatch ratio a = 10 (stiff inclusions in a soft matrix), the 
lower bound converges faster, whereas the mismatch ratio a = 0.1 (soft inclusions in a 
stiffmatrix) provides faster convergence of the upper bound. 
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(iii) The orthogonal-mixed boundary conditions produce an intermediate response 
for all the considered composites, while the convergence trend under uniform mixed 
boundary conditions is similar to the kinematic one. 
(iv) The homogenization technique, based on the investigation of the properties 
fluctuations with the sample scale, provides a smaller RVE size than the technique 
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Figure 3.15. Bounds on the strain energy (a,b) and material properties (c,d) of the linear 
elastic composite (No. 5 and No. 6) under uniaxial tension. 
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Chapter 4 
Scale effects in infinitesimal and finite 
thermoelasticity of random composites 
Thermoelastic properties determine many important characteristics of composite 
materials. One of the examples is in polymer composites, where the incorporation of 
rubbery particles into glassy polymers increases both the toughness and the Coefficient of 
Thermal Expansion (CTE) of the material (Boyce et al., 1987; Paul and Bucknall, 2000). 
Another example is the addition of a material with a low CTE to improve thermal 
properties of a material with high CTE (Yu et al., 2000). 
The effective (or overall) thermoelastic properties of linear elastic composites have 
been considered by Kerner (1956), Schapery (1968), Balch (1996), Rosen (1970), Rosen 
and Hashin (1970), McGee and McCullough (1981), Theocaris and Varias (1985) and 
Paul and Bucknall (2000). The scaling trend toward the RVE in linear thermoelasticity of 
random composites was theoretically and computationally investigated by Du and Ostoja-
Starzewski (2006). In contradistinction to the linear theory of thermoelasticity, the 
nonlinear theory of thermoelasticity at finite strains has received little attention in the 
literature. This is despite the fact that rubber-like materials are very often used as 
composite constituents in various structural applications. In the present chapter, sorne 
aspects of the behavior of nonlinear thermoelastic composites at finite strains are 
investigated, using the methodology introduced in Chapter 2 as the foundation for the 
analysis. The primary goal is to apply the developed asymptotic homogenization 
framework to quantitatively estimate the trends toward the RVE of non-periodic random 
composites using nonlinear theory ofthermoelasticity. 
4.1 Constitutive relations in linear and nonlinear thermoelasticity 
The general form of the constitutive equations for strain and stress in the presence of 
temperature effects has the form 
P = 81f/(F,T) 
8F ' 
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F = 8g(P,T) . 
8P 
(4.1) 
Supplemented by the suitable equations for enthalpy, temperature, and heat conduction, 
Eqs. (4.1) can be used to fully characterize the properties of a thermoelastic material. To 
obtain relations for infinitesimal elasticity, one has to replace F and Pin Eqs. (4.1) by an 
infinitesimal strain tensor, E, and a Cauchy stress tensor, 0', respectively. 
While the deformations in linear elastic materials are fully internal energy driven, 
nonlinear elasticity of elastomers and biological tissues is almost entirely based on the 
entropy concept (Holzapfel, 2000). The reason for this is that the molecular chains inside 
the polymer change their conformation while they deform. Thus, nonlinear and linear 
thermoelasticity differ not only in their strain-energy representation but also in the nature 
of deformation. In the modified entropic theory of rubber thermoelasticity, the Helmholtz 
free-energy function can be written as (Holzapfel, 2000): 
T ~T A 
V/(F,T) = V/a(F)--ea(F)-+T(T). 
Ta Ta 
(4.2) 
The detailed explanation of the variables in Eq. (4.2) can be found in Section 2.3.2. 
Substituting for linear elastic relations and assuming specific heat at constant deformation 
to be constant over a small temperature change, Eq. (4.2) can be readily reduced to a 
Helmholtz free energy in linear elasticity: 
1 1 ~T2 
V/(8ij,T) = -C;jkI8y8kl + rij8ij~T --cv --2 2 Ta 
(4.3) 
The reciprocal expression for the Gibbs free energy in liner elasticity has the form 
1 1 ~T2 
g(O' ij,T) = --SijkIO'ijO'kl -aijO'ij~T --cp --. 
2 2 Ta 
(4.4) 
In the above equations, ry = -Cyklakl is the thermal stress coefficient, Cv and cp are 
specific heat at constant volume and constant stress, respectively. cp is related to Cv 
through an expression: 
(4.5) 
In nonlinear thermoelasticity, the Gibbs free-energy function as well as the 
complementary energy function are generally unknown. Moreover, it is often impossible 
to construct such functions due to the non-convexity of the energy density potential (Lee 
and Shield, 1980; Ogden, 1984; Gao, 1999). If unique inversion of Eq. (4.2) is assumed, 
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the Legenre transformation (2.13) offers a convenient way of estimation of the Gibbs free 
energy without unwieldy inversion of the constitutive relations: 
Bo (OIJl 0 J I:::.T ( oeo ) A g = -- --Xi,) -lJIo +- --Xi,) -eo +T(Bo)· To ou. To Ou IJ IJ (4.6) 
Note, Eqs. (4.2) and (4.6) have already been given in Chapter 2, and are repeated here for 
the convenience of the reader. 
Equations (4.1-4.6) characterize the material locally, describing the behavior of a 
particular phase of a composite. It is not c1ear a priori whether the same constitutive 
equations hold for a mesoscale or not; or how the free energy and the constitutive 
parameters change while approaching the effective values. Later, we will try to address 
these questions and to show that the form of free energy changes with scale in nonlinear 
thermoelasticity, and is scale independent in linear thermoelasticity. 
4.1.1 Thermodynamic potential for a linear thermoelastic composite 
Asymptotic homogenization of a linear thermoe1astic composite has been studied by Du 
and Ostoja-Starzewski (2005, 2006) and Du (2006). We will show sorne of their 
derivations leading to hierarchies on the effective specifie heat. This will allow us to 
compare linear and nonlinear asymptotic homogenization problems. 
Following Du (2006), upon the substitution of the Hooke's law, 
a ij = Cijk/Gk/ + lijl:::.T , into Eq. (4.3), the free energy in linear elasticity can be written as 
\{i = _1_ rt a yeij + lijGijl:::.T - CV I:::.T2 J dV . 
2V Il 1'0 (4.7) 
Taking lij at every point to be a sum of the volume average and the local 
fluctuation, lij = f ij + l~, and decomposing the strain, Gij = sij + G~, gives 
(4.8) 
In equation (4.8), we used the fact that the Hill condition (2.29) holds under KUBC, 
and the temperature change, I:::.T, is spatially uniform. Following the usual assumption of 
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linear thermoelasticity, the total strain 8ij can be considered as a superposition of two 
independent quantities 
(4.9) 
where eij is the e1astic strain and 8~h = aijl1T is the thermal (ine1astic) strain. We can also 
decompose the fluctuations of strain 8 ~ into two parts 
(4.10) 
where eij is a function of the displacement boundary condition (i.e., the applied strain, 
8Z,) and 8~h' is a function of the temperature: 
(4.11) 
(4.12) 
In the above equations two tensors are introduced: the tensor Dijk' (xm ), that relates the 
applied strain, 8Z" to the elastic strain fluctuation, e~, and the tensor Ey(xm)' that relates 
the temperature change to the thermal strain fluctuation. Substituting (4.10 - 4.12) into 
(4.8), results in 
Thus, \}' is a functional of the applied strain, 8~, the temperature increment, I:l.T, the 
actual realization of the microstructure, B( aJ), and the mesoscale, Ô. The foregoing 
derivation indicates that, for linear heterogeneous materials, the free energy has the same 
bilinear form as that for the homogeneous material (4.3): 
(4.14) 
where the mesoscale properties are identified as follows 
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(4.15) 
Proceeding in a similar fashion the Gibbs free energy can be shown to be: 
1 0 0 0 1 D..T 2 G = -Sijkl(m)O'ijO'kl + aij(m)O'ijD..T +-c p(m)--, 
2 2 To 
(4.16) 
with 
where Filkl and Hilare tensors which relate the stress fluctuation to the traction 
prescribed on the boundary, O'~ , and the temperature change, accordingly. 
Setting 8~ = 0 or O'~ = 0 provides hierarchies of mesoscale bounds on effective 
specifie heat (Du and Ostoja-Starzewski, 2006): 
( cv) /1 5, (cv) 0 5, (cv) o' 5, (cv) l ' for 1 < ô' < Ô < D.. , 
( cp)!1 5, (cp) 0 5, ( cp) o' 5, ( c p \ ,for 1 < ô' < Ô < D.. , 
where cp and Cv are obtained from the Eqs. (4.15) and (4.17). 
(4.18) 
(4.19) 
Scale-dependent hierarchies on CTE cannot be obtained in a way similar to above, 
due to the presence ofa non-quadratic term in both Eqs. (4.14) and (4.16), and, therefore, 
a different approach has to be used. Du and Ostoja-Starzewski (2006) proposed 
considering the equations for the effective CTE obtained by Levin (1967). They showed 
that scale-dependence of the elastic constants leads to the scale-dependence of both 
thermal strain and stress coefficients. We will show general results, referring to the 
original article for more details. 
Depending on the relations between the material constants of composite 
constituents, two hierarchies are possible for the thermal expansion coefficient 
(i) al > a 2 ~ 0 and kl > k2 : 
(a)!1 ~ (a) 0 ~ (a) o' ~ (a) 1 for 1 < ô' < Ô < D.. , (4.20) 
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Similarly, there are two hierarchies for the thermal stress coefficients 




In the above equations subscript 1 denotes properties of the phase 1, and subscript 2 
denotes properties of the phase 2. Note that there is no distinction between the matrix and 
the inclusion materials. 
4.1.2 Thermodynamic potential for a nonlinear thermoelastic composite 
One of the most commonly used forms of Helmholtz strain-energy function in nonlinear 
elasticity is based on the hypothesis of additive decomposition of energy into its 
distortional and dilatational parts (Ogden, 1992; Ho1zapfel and Simo, 1996): 
1 
If = lfiSO (io,T) + Ifvo' (J,T) , Xa = J -3 Àa' a = 1,2,3. (4.24) 
An always positive volume ratio J - a requirement p1aced by material impenetrability - is 
associated with the deformation gradient by the expression: J = det(F) = À,À2~' where 
Âa are principal stretches. If a body undergoes thermoelastic deformations, it is 
convenient to decompose J into purely mechanical (J M ) and purely thermal (J T ) parts, 
such that J = J MJT. For illustrative purposes, in the following, we will consider the 
simp1est form of the strain-energy potential given by a neo-Hookean strain-energy 
function (Guido, 2004): 
1 
If = ![u(T)(l;2 + Xi + Xi - 3) + K(T)(J M -1)21+ T(T), Xa = J -3 Àa (4.25) 2 
peT) and K(T) are temperature-dependent initial shear modulus and initial bulk 
modulus. T(T) is the pure1y thermal contribution to the free energy. As it was pointed 
out in Chapter 2, T (T) does not change with the scale and therefore Can be ignored in 
hierarchies (2.34) and (2.38). The purely thermal volume ratio in Eq. (4.25) is defined as 
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(4.26) 
As it was mentioned in the previous chapter (see Section 3.4.1), the ensemble-
averaged response of a random composite can be considered to be isotropic if a sufficient 
number of numerical realizations of the composite is considered. Thus, if aIl the phases of 
the composite were described by the strain energy specified by Eq. (4.24), one would 
expect to have the same form of the constitutive equation on a mesoscale. This holds in 
linear thermoelasticity (see Eqs. (4.14) and (4.16)), but not in nonlinear elasticity. Even 
examination of the simple st case of KUBC, F O = l , leads to the nonzero contribution of 
the distortional part to the free energy since la 2 '* 1~2. Note that, in the absence of 
temperature effects, the aforementioned boundary condition will give \f = O. Hence, the 
free energy of the composite can be written as 
(4.27) 
where 
and VI'(W,X,F,Bo) is a local fluctuation of the free energy. 
Utilizing Eq. (2.13) and applying stress-free boundary conditions (free expansion) 
pO = 0, hierarchy (2.38) transforms to 
(\f(pO ,Bo)) â ~ (\f(p O ,Bo)) ô ~ (\f(P O ,Bo)) ô' ~ (\f(pO ,Bo))\, for 1 < 8' < 8 < ~,(4.29) 
which provides a lower bound on the effective Helmholtz free energy. Note, under stress-
free boundary conditions, the elastic part of \f is equal to zero for a homogeneous body. 
In contrast, for a heterogeneous material, the elastic contribution increases with the 
sample size (see Section 4.3). 
In the foIlowing sections, we will examine the hierarchies (2.34), (4.29), and (4.20)-
(4.23), and compare the results for linear and nonlinear thermoelastic composites. 
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4.2 Numerical experiments 
To model a random microstructure, we consider a matrix with randomly distributed 
circular non-overlapping inclusions similar to the ones generated in the previous chapter. 
The various physical properties of two materials, used as illustrative examples, are shown 
in Tables 4.1 and 4.2, and correspond to commonly employed industrial composites: 
rubber-toughened polystyrene (Tables 4.1) is an example of a material where the 
incorporation of rubbery particles into a brittle polymer is used to improve the fracture 
properties (Boyce et. al., 1987), and polyurethane rubber filled with sodium chloride 
(Table 4.2) is an example ofhighly filled elastomers, which are used as materials for solid 
propellants in rocketry (van der Wal et al., 1965). 
We will employ finite-strain elasticity and the neo-Hookean strain-energy function 
specified in Eq. (4.25). It is well known, that the neo-Hookean type material corresponds 
to the class of convex strain-energy functions, and, therefore, satisfies the convexity 
conditions (2.17) and (2.20) for any value of the material parameter p(T). 
The random distribution of inclusions was modeled by the planar homogeneous 
Poisson point process (see Eq. (3.1)). The finite element method with a non-uniform mesh 
(see Fig. 3.1) was used to simulate the response of the microstructure. The mesh was 
repeatedly refined until no significant changes in the response occurred, which, similar to 
the nonlinear elasticity problem (Chapter 3), was found to hold for an average element 
size of 0.75 for d = 10. Again, we assume perfect interfaces between different phases and 
perform calculations for the volume ratio of inclusions 35%. AlI tests were run in the 
commercial finite element software ABAQUS 6.5. Four-node bilinear coupled 
temperature-displacement plane stress elements were used in the analysis. The number of 
realizations for specifie window size of a random composite was chosen to be the same as 
that for nonlinear elastic materials studied in Chapter 3 (see Section 3.3): 512 for ô = 1; 
384 for Ô = 2; 160 for Ô = 4; 40 for Ô = 8 and 10 for 8 = 16. 
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Table 4.1. Material properties of constituents for rubber-polystyrene composite. 
Material Po' MPa KO' MPa a .104 , oC! 
J 
cu,-gK 
Polystyrene 1200 4000 0.5 1.2 
Rubber 
0.62 2000 2.5 1.8 
(polybutadiene) 
(i) K(i) a(i) C(i) 
Mismatch ~= 0.5.10-3 K~m) = 0.5 -=5 c~) = 1.5 pcim) atm) 0 p 
Table 4.2. Material properties of constituents for sodium-chloride-rubber composite. 
Material Po' MPa Ko, MPa a .104 , oC! 
J 
cu,-gK 
Sodium-Chloride 12800 25300 0.4 0.85 
Rubber 
1.32 1970 2.4 1.67 
(polyurethane) 
(i) K(i) a(i) c(i) 
Mismatch ~=3.2·103 K~m) = 12.8 atm) = 0.17 c(m) = 0.5 pcim) 0 p 
4.3 Scaling trends of the free-energy function 
The ensemble-averaged free energy under different boundary conditions is plotted in Fig. 
4.1 as a function of scale for two considered composites (see Tables 4.1 and 4.2). The 
purely thermal contribution was ignored in the calculations due to its scale independence. 
Graphs in Fig. 4.1 (a) and (c) present results under the constrained boundary 
condition, when F O = 1 and the applied temperature change! is IlT = 300 oC. In Fig. 4.1 
(b) and (d) we show the lower bound (4.29) obtained under the stress-free boundary 
condition, po = 0, and ôT = 300 oC. In agreement with theoretical predictions, the free 
energy, obtained under these two loadings, approaches the effective values from above 
and from below with an increasing sample size. 
The two loadings considered above, although commonly employed in the 
experimental investigations, are not equivalent and cannot be used to calculate the 
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discrepancy, from which the minimal RVE size can be estimated. Indeed, the average 
stress field in a fully constrained composite is not equal to zero if ~T:#: 0, as it is for a 
fully unconstrained body. Similarly, the averaged deformation gradient in the 
unconstrained body cannot be equal to one if a:#:O and ~T:#: 0 . In order to estimate the 
size of the RVE, we will adopt the approach introduced in the previous chapter: 
1) Compute response under SUBC pO = 0 and obtain (tp(PO)) ô. 
2) Apply KUBC through Â~ = (Â; ) :::max and obtain (tp (Fo) ) ô . 
The closer the composite size to the RVE, the smaller is the difference between the 
responses obtained under these two boundary conditions. For 8 ~ 00, the energy values 
calculated using the above methodology should coincide. 
Note that, due to the scatter of the values of (tp(FijO)) ô with small changes in 
Â~ = (Â; \ P;j=O ,this methodology gives an approximate estimate of the minimum size of 1 Ô=Ômax 
the RVE, which, however is sufficient for the comparison of different composites. 
In Figs. 4.1 (b) and (d) the upper bound on the free energy corresponds to the values 
obtained with Â~ = (Â; ) P:o . In agreement with the results in isothermal elasticity (see 
Ô-Ômax 
Figs. 3.13), for a matrix with a CTE value smaller than that for inclusions (soft matrix in 
isothermal elasticity) the lower bound converges faster, whereas for a composite with the 
matrix having higher, compared to the inclusions, value of CTE (soft matrix in 
isothermal el asti city) the lower bound approaches the effective value slower than the 
upper one. 
The differences between discrepancy values, D, obtained for 8 = 16 and 8 = 8 are 
7% for a rubber-polystyrene composite and 20% for a sodium-chloride-rubber composite. 
This shows that the second composite converges to the RVE faster than the first one, 
although the discrepancy itself is larger for sodium-chloride-rubber composite (85% 
versus 56%, respectively). Moreover, it can be concluded that the non-isothermal 
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Figure 4.1. Scaie effects on the strain energy under constrained deformations (a,c) and 
stress-free boundary conditions (b,d). 
elasticity converges to the RVE siower than the isothermai one. This was aiso observed in 
the comparative study of mesoscaie bounds in linear elasticity and thermoelasticity 
(Ostoja-Starzewski et al., 2006). 
Note that, for a homogeneous body, both the elastic part of ll'(p o = 0) and 
",'(Fo = 1) are equai to zero. According to Eq. (4.29) and Fig. 4.1, however, the elastic 
part of the free energy, (\f(po = 0)) t5' increases when t5 ~ 00. This implies that energy 
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fluctuations, \1jf'(FO = 1)) 0' although decreasing with the growing scale, do not vanish as 
they do for a homogeneous material, when 8 ~ 00. This is an interesting observation and 
is a specifie feature of a coupled field theory. 
4.4 Scaling trends of the thermoelastic parameters 
It is evident that the minimal RVE size is different for different quantities. For example, 
in linear thermoelasticity, the trend toward the RVE of thermal expansion coefficient is 
different from that of the bulk modulus or the specifie heat capacity (Du and Ostoja-
Starzewski, 2006). The mesoscale bounds on the free energy, investigated in the previous 
section, are the most general bounds, because they incorporate scale-dependence of all 
material parameters. For a specifie application, however, one might be interested in one 
material parameter and not in the overall response of the material. In this section, we will 
study the trends and the speed of convergence of thermal expansion and thermal stress 
coefficients and compare the results obtained using the linear and nonlinear theories of 
thermoelasticity . 
In order to calculate the convergence trend of the thermal expansion coefficient, a, 
we will adopt the following methodology: 
(i) apply stress-free boundary conditions pO = 0 with a temperature change2 
~T=300 oC; 
(ii) calculate (F ij )0 ; 
(Fij) -8 
(iii) calculate (a ij ) 0 = ;T 1J. 
The thermal stress coefficient in the small deformation theory is defined as 
rij = -Cijklakl' and relates the amount of stress generated in a constrained body to the 
applied temperature change. In finite-strain thermoelasticity, the relation between 
nominal stress and the temperature is nonlinear (see Eq. (4.25)), and the thermal stress 
coefficient cannot be expressed in terms of the material parameters only. For the sake of 
comparlson, we will estimate r in a way analogous to the infinitesimal thermoelasticity: 
(i) apply UKBC FO = 1 and the temperature change ~T = 300 oC; 
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(ii) calculate (p ij )0 ; 
(Pij ) 
(iii) calculate (rij) 0 = I:!.T 0 • 
This will aHow us to study the difference in predictions of infinitesimal and finite theory 
of thermoelasticity and find whether finite deformations have significant effect on the 
asymptotic bounds of thermoelastic parameters or not. 
The results of the numerical computation of thermal strain and stress coefficients for 
two composites described above are brought out in Fig. 4.2 (a) -(d). Since both 
considered composites faH into the category with material properties described by 
inequalities (4.21), on graphs in Fig. 4.2 (e) and (d) we study a hypothetical example of 
the composite which has a reverse relationship between its phases (Eq. (4.20)), i.e., 
a) > a 2 ~ 0 and k) > k2 • a and r in Fig. 4.2 define isotropic thermal strain and stress 
coefficients, respectively. This is due to the fact that ensemble averaging of a statistically 
isotropic microstructure leads to an isotropic response, as it was pointed out in Chapter 3, 
and, hence, the resulting thermal stress and strain coefficients are isotropic tensors of the 
secondorder: (aij)o =a8ij and (rij)o =r8ij. 
The asymptotic bounds on the thermal expansion coefficient demonstrate very little 
difference between values obtained using infinitesimal and finite theory of 
thermoelasticity, and, therefore, are presented for the latter case only. This is expected, 
since we assume linear relationship between the thermal strain, &~h, and the temperature 
change, I:!.T, in both theories (see Eq. (4.26)). A different situation is encountered for the 
thermal stress coefficient: the asymptotic bounds, while converging in a similar way, have 
a considerable variation in values depending on the properties of the composite and the 
theory employed (see, Fig. 4.2 b, d and f). 
2The temperature difference 5 oC was applied to study the response of the materials using 
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Figure 4.2. Mesoscale bounds on the thermal expansion coefficient, a, and the thermal 
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Figure 4.3. Dependence of the thermal stress coefficient r on the temperature change !1T 
for the rubber-polystyrene composite. 
The graphs in Figs. 4.2 and 4.3. are normalized with respect to the maximum value 
of the studied parameter, which can be the value for either a matrix or inclusions. This 
provides a reverse trend of the thermal stress coefficient due to its negative value, i.e., 
In the work of Du and Ostoja-Starzewski (2006), the equation 
(rij); = -( eijkl); (akl ); was applied to obtain the second bound and to estimate the 
minimal size of the RVE. In nonlinear elasticity, this transformation is not valid, and the 
thermal stress coefficient depends on both the deformation and the temperature change. 
The energy bounds, considered in the previous section, offer a way to estimate the gap 
between the responses under different boundary conditions and, correspondingly, the 
RVE size in nonlinear thermoelasticity. 
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From the above graphs it can be concluded that, regardless of the theory employed 
for mesoscale bound calculations, the convergence for all considered material parameters 
follows hierarchies (4.20) - (4.23). This suggests that the linear theory of thermoelasticity 
can be used as a first approximation in calculating the minimal size of the RVE. If, 
however, ai} is a nonlinear function of temperature, the above conclusion may not be 
valid and further study is necessary. 
4.5 Closure 
The main conclusions of this chapter can be summarized as follows: 
(i) In contrast to the linear theory of thermoelasticity, where the effective and the 
local forms of the free energy of a composite material coincide, the effective form of the 
free energy in nonlinear elasticity is different from the local one, even if all the phases of 
the composite follow the same constitutive law. 
(ii) Scale-dependent homogenization can be used to estimate the size of the RVE 
in nonlinear thermoelasticity. It is shown that the free energy approaches the effective 
value from above and from below under KUBC and SUBC, respectively. 
(iii) In nonlinear elasticity the asymptotic bounds on the thermal stress coefficient 
depend on the temperature difference and the property mismatches. 
(iv) The convergence of both thermal strain and stress coefficient follows the same 
hierarchies independent of the theory used for the mesoscale bound calculations. 
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Chapter 5 
Size effects on thermoelastic damping in nanomechanical 
resonators with finite wave speeds 1 
5.1 Introduction 
The size affects not only the mechanical properties of heterogeneous materials and 
structures, as it is shown in the previous chapters, but also the behavior of structures made 
of materials conventionally considered homogeneous. Nanoelectromechanical systems, or 
NEMS, whose size can be as small as 10 nm, are one of the examples (Srikar and 
Senturia, 2002). When the dimensions of a body approach submicron scale, the 
continuum theory of elasticity becomes dubious and one has to take into account the size 
effect on the material behavior. In this chapter, we will demonstrate such effect, taking a 
completely different approach and thermoelastic problem physically different from the 
one considered before. We will study the change of the thermoelastic damping of a 
nanoresonator, when the scale changes from the micro to the nanolevel and the new laws 
of heat conduction should be taken into account. 
NEMS attain extremely high fundamental frequencies of operation as a result of 
their reduced size and small force constants (Roukes, 2000). Such high-frequency 
mechanical devices have many important applications; among them are ultrasensitive 
mass detection, mechanical signal processing, scanning probe microscopes, etc. 
An important attribute of any NEMS device is its quality or Q factor of resonance. 
The larger the quality factor, the smaller the energy dissipated during vibrations, and the 
higher the resonator sensitivity (Yasumura et al., 2000). There are many mechanisms 
which contribute to energy dissipation in beam resonators. If the elimination of external 
damping mechanisms is the question of design and operation conditions, the removal of 
intrinsic damping sources is almost impossible. It is therefore important to investigate and 
1 Most of the material in this chapter has been published as an article in the Journal of 
Thermal Stresses (29, 201-216, 2006). 
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find a way to reduce intrinsic material losses such as thermoelastic damping, as much as 
possible. 
Classical theory of thermoelastic damping was first presented by Zener (1948). He 
considered vibrations of a homogeneous, isotropic, thermoelastic beam, in which 
damping occurs due to heat transfer from a hotter (compressed) to a colder (stretched) 
side of the beam. Thermoelastic losses, ca1culated using Zener's viscoelastic model of the 
solid, were experimentally verified for many materials (Crowley & van Schoor, 1987; 
Bishop & Kinra, 1992; Bishop & Kinra, 1997). The subsequent analysis of thermoelastic 
vibrations of a beam includes the work of Jones (1966), where the effect of damping is 
calculated taking into account axial deformations of a beam of arbitrary cross section, and 
the later work of Lifshitz and Roukes (2000), who examined thermoelastic damping in 
micro- and nanomechanical resonators. Recently, based on the second law of 
thermodynamics, a fundamentally different approach to analyzing thermoelastic damping 
in a vibrating beam was introduced by Kinra and Milligan (1992, 1994). 
In aIl the works mentioned above, thermoelastic damping is calculated using the 
classical theory of thermoelasticity, in which the equation governing the temperature 
distribution is of a parabolic type and therefore predicts infinite speed of propagation of 
thermal disturbances. However, in systems operating on a short-time scale, such as high-
frequency nanoresonators, heat generated by the nonuniform stress distribution might not 
have enough time to propagate from one side of the device to another, and, therefore, 
properties of the system can differ significantly from the case of regular time operation. 
To eliminate the paradox of infinite propagation speeds, generalized theories have been 
formulated in the literature. These nonclassical theories admit finite speed of "wave-type" 
heat propagation - referred to as a "second sound" - either by adding a first time 
derivative of the heat flux into Fourier's law ofheat conduction (Lord & Shulman, 1967) 
(thermoelasticity with one relaxation time) or by including the temperature rate among 
the constitutive variables (Chandrasekharaiah, 1986). 
The aim of the present work is to determine the frequency of vibration and, thus, the 
Slze of the resonator, at which the effect of finite speed of heat conduction on 
thermoelastic damping becomes significant. The question is whether the classical theory 
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is still valid for the length scales of nanomechanical resonators or the second sound effect 
has to be taken into account. In this chapter, we follow the approach introduced by Kinra 
and Milligan (1994) using a hyperbolic heat conduction equation proposed by Lord and 
Shulman (1967). 
5.2 General theOl"y 
5.2.1 Classical thermoelasticity 
We will use the c1assical linear thermoelasticity theory as a starting point before the 
description of damping of a thermoelastic medium with finite wave speeds. The c1assical 
thermoelasticity theory for a linear isotropic homogeneous thermoelastic medium is 
described by the following system of field equations: 
1. Equilibrium equations (in the absence of body forces) 
2. Strain-displacement relations 
3. Thermoelastic Hooke's law 
(j' Ji,) = PÜi . 
1 E=-(U+U). 
Ij 2 l,) ),/ 
(j' .. =~(E +-v-Ekk8.)-~a8.(T-T,o). 
Ij 1 + v Ij 1 - 2v lJ 1 - 2v lJ 
4. Fourier's law ofheat conduction 
q =-kT. l ,1 
5. The law of conservation of energy 






Here a dot denotes differentiation with respect to time, Oij is the stress tensor, Eij is the 
linear strain tensor, Ui is the displacement vector, pis the mass density, t is time, E is 
Young's modulus of the material, vis Poisson's ratio, a is the linear thermal expansion 
coefficient, T is the absolute temperature, To is the absolute equilibrium temperature, qi is 
the heat flux vector, k is the isotropic thermal conductivity, U is the internai energy per 
unit mass, 8y. is the Kronecker delta, and the indices, i,j and k, take on the values 1,2,3. 
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Assuming small deviations of temperature from the equilibrium value, the coupled 
heat conduction equation for a classical thermoelastic body is given by (Nowacki, 1986) 
T = pc t Ea T.' 
,ii k + k(l- 2v) OUk,k' (5.6) 
where c is the specific heat per unit mass and the dot denotes derivative with respect to 
time. The entropy production within a system per unit time per unit mass, s, in which a 
heat flow takes place, can be calculated from the entropy balance equation (Y ourgrau, 
1966) 
. 1 T S =---2 qi i' pT ' 
(5.7) 
where in the approximation considered here T can be replaced by its reference value To. 
Eliminating qi from Eq. (5.7) yields 
s=~2TiTi' pTo " (5.8) 
Thermoelastic damping, 'l', is defined as the ratio of the energy dissipated to the 
energy stored in the body over the same period of time, and can be expressed as (Kinra & 
Milligan, 1994) 
f~WdV flflL WdV 





V WdV WdV 
(5.9) 
v v 
where IfIL = ~W /W is the local specific damping capacity. Here W is the elastic energy 
density stored in the body, given by 
(5.10) 
and ~W is the total work lost throughout the body, which can be related to the entropy 
generation by the following equation (Bejan, 1988) 
(5.11) 
Equations (5.1) through (5.11) define the classical theory of thermoelastic damping 
first presented by Kinra & Milligan (1994). In what follows, we consider a modification 
of this theory by taking into account the finite speed of thermal wave propagation. 
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5.2.2 Thermoelasticity with one relaxation time 
The one relaxation time (ORT) theory proposed by Lord and Shulman (1967), and dating 
back to Maxwell and Cattaneo, eliminates the paradox of an infinite velocity peculiar to 
the c1assical theory by extension of Fourier's law of heat conduction to the most general 
case involving heat flux and its first time derivative 
q +toq' = -kT, 1 l ,1 (5.12) 
where ta is the relaxation time. Proceeding in a way similar to that of the c1assical theory, 
it can be shown (Ignaczak, 1989) that a thermoelastic process in the ORT theory satisfies 
the same equilibrium equations, strain-displacement relations, constitutive equations and 
the law of conservation of energy as the c1assical process. 
The coupled heat conduction equation (5.6) for an isotropic thermoelastic ORT 
body becomes (Chandrasekharaiah, 1986) 
PC(· .. ) Ea (. ..) T jj = - T + toT + To uk k + touk k • 
'k k(1-2v)" (5.13) 
Unlike the c1assical theory, this equation is of hyperbolic type and predicts a finite speed 
for heat propagation, provided to > 0, and uk k is a prescribed field. The constant to has a 
c1ear physical interpretation: it is the time required to establish the steady state of heat 
conduction in a volume element suddenly subjected to a temperature gradient. Chester 





where v is the phonon velocity. It is important to mention that Eq. (5.14) can only be used 
for a medium where the transport of heat occurs via the phonon gas, which is usually the 
case for MEMSINEMS materials. To the first approximation, v can be replaced by the 
elastic wave velocity (Francis, 1972). 
The entropy production within a region of an ORT body can be obtained by 
substituting the solution ofEq. (5.12) for heat flux into Eq. (5.7). For the one-dimensional 
case, in which T = T(y,t) and the temperature gradient is not equal to zero, the entropy 
production equation can be written as 
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.. '(1 2T T'] k (T')2 toS+S +to--to-, =--2 ' TO T pTo (5.15) 
where the prime denotes a derivative with respect to the spatial coordinate. Note that, in 
the absence of to, Eq. (5.15) reduces to the entropy production equation for a classical 
thermoelastic body. 
Finally, thermoelastic damping of the ORT body can be calculated in a similar way 
as in the case of the classical thermoelasticity using Eqs. (5.9) through (5.11). In the 
following section, we will apply the ORT theory to a specific case of thin beam 
vibrations. 
5.3 Flexural vibrations of a Bernoulli-Euler beam 
We consider a homogeneous isotropic elastic thin beam of thickness h with constant 
rectangular cross section (Fig. 5.1) subjected to a steady-state displacement boundary 
condition 
u(x,t) = U(x)e iOX (5.16) 
at the neutral axis, where U(x) is a prescribed function and OJ is the circular frequency in 
radians per second. We employ the classical Bernoulli-Euler assumptions: the x axis 
undergoes no extension, and the beam cross sections perpendicular to the neutral axis 
remain plane and perpendicular to it during deformation. Then, the strain-displacement 
relation becomes 
(5.17) 
where Ko is the beam curvature. It is worth mentioning that only the real part of Eq. 
(5.17) has a physical meaning and therefore should be considered. 
For a typical MEMS material, the ratio I1T is very small. For example, in the case 
To 
of silicon (a= 2.5.10-6 I/K, p= 2330 kg/m3, c = 700 J/kg·K) under the action of stress of 
1 Mpa, I1T is equal to ~1.5·10-6. The thermal stresses produced by this increase in 
To 









Figure 5.1. Coordinate system and geometry of the beam. 
Therefore, the displacement field of a body can be assumed to be independent of the 
temperature, i.e., dilatation resulting from the thermoelastic effect can be ignored. Hence, 
we can write 
8kk = -(1- 2V)8xx = -(1- 2v)Koye iwt • 
Noting that the thermal gradient across the thickness of the beam along the y 
direction is much larger than in any other direction, Eq. (5.13) reduces to 
(5.18) 
fiT IX (8T 82T) EaTo iOJt (. ) 8y2 -T 8t +to 8t2 = -m-k-Koye z-tom. (5.19) 
Assuming the conduction of heat in the beam to be much faster than the exchange of heat 
with the environment, i.e., the boundaries to be adiabatic, the boundary conditions can be 
writlen as follows 
8T (_!!.- t) = 8T (h t) = 0 . 
8y 2' 8y 2' 
Introducing a complex temperature field (Bishop & Kinra, 1997) 
T = To (1 + i) + V(y)e iOJt , 
(5.20) 
(5.21) 
where To is the absolute equilibrium temperature of the undisturbed beam, and Vry) is the 




In Eq. (5.22), Y = Y / h is the nondimensional coordinate and V· = V / llT is the 
normalized temperature, where llT is the change in temperature at the compressed upper 
surface of the beam under "adiabatic" conditions (Kinra & Milligan, 1992): 
a a h llT = --(JTa = --ETaKa, pc pc2 (5.23) 
and Q = 0), is the normalized frequency, where ,is the characteristic time of the beam in 
Zener' s model of thermoelastic damping (Zener, 1948): 
pch 2 
'=-2-· lrk (5.24) 
Here r = ta /, is the normalized relaxation time. 
Equation (5.22) is a second-order non-homogeneous linear differential equation 
with constant coefficients. This equation can be solved using the method of undetermined 
coefficients to obtain 
(5.25) 
where TIl and TI2 are introduced for brevity and defined by 
(5.26) 
Q 
TI2 = 1r 1--------2(~r2Q2 + 1 - r Q) (5.27) 
The classical counterpart of Eq. (5.25) can be reduced from it by setting y equal to zero. 
In order to obtain an expression for the net entropy production in the case of a non-
zero temperature gradient, we should substitute the real part of temperature from Eq. 
(5.21) into the entropy production equation (5.15), and solve the corresponding 
differential equation. Let us first consider the second and the third term in parenthesis of 
Eq. (5.15). Substitution of the temperature from Eq. (5.25) gives the following relation 
for the second term 
(5.28) 
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The normalized spatial variation of the temperature can be represented by two variables 
V· = AR + iAl' where AR is the real part and Al is the imaginary part. Therefore, 
2to t = -2tom !:1T (AR sin(mt) + Al cos(mt)). Ta Ta 
The third term ofEq. (5.15) can be written in the following form 
(
av· . ) 
. Re im--e'Olt 
T' ay 
to T' = to (av..) Re __ e'Olt 
ay 
Separating av· into its real (BR) and imaginary (BI) parts, we get ay 
f' BI cos(mt )+ BR sin(mt) 




As it is mentioned before, for the class of problems considered, the term !:1T is 
To 
negligible (of the order of 10-6). Therefore, the second term ofEq. (5.15) is much smaller 
than the third one and can be ignored without loss ofaccuracy. Eq. (5.15) simplifies to 
a
2
s + aS(~_mBlC~S(mt)+BRsin(mt))= !:1T 2k (Blsin(mt)-BRcos(mt)Y.(5.32) 
at 2 at to BI sm(mt)- BR cos(mt) toPh 2To 2 
General solution of the above equation for the entropy production per unit time per 
unit mass is 
(5.33) 
where Cl is an integration constant. For the function s to be periodic, we must set Cl 
equal to zero. 
Let us now examine the case when the gradient of the temperature is equal to zero. 
It corresponds to a condition 
BI sin(mt)- BR cos(mt) = O. (5.34) 
In this case the entropy production equation simply reduces to s = 0 . 
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The entropy production per unit mass per cycle period is given by (Kinra & 
Milligan, 1992): 






k (B 2 + B2 ) 
ph2To2w{1+OJ2tn 1 R· 
(5.35) 
(5.36) 
Introducing this entropy production into Eq. (5.11), we can readily calculate the local 
specific damping capacity to be 
If/ L = If/o (Bi + B~), 
4tr20y2 (1 + r202 ) 
where If/o is a characteristic Zener damping (Zener, 1948) defined by 
2tra 2 E1'o 
If/o = pc 
Then the averaged damping across the thickness of the beam is 
1/2 
J(B; + B~) dY. 
-1/2 




The theoretical results obtained in the previous section are employed in this part to 
investigate the influence of the second sound effect on temperature distribution and 
damping capacity of thin beam resonators. Three of the most common NEMS materials 
with various y values were chosen for the purpose of numerical evaluation and 
comparison. The set of material data used in the calculation is given in Table 5.1 
(Shakelford & William, 2001; Broughton et al., 1997; Pierson, 1993). 
The corresponding classical and modified temperature curves for silicon beam 
vibration are presented in Figs. 5.2-5.5. It noteworthy that the classical temperature 
curves are identical to those obtained by Kinra and Milligan (1994). Silicon was chosen 
for the graphical representation as the most commonly used material in the 
MEMS/NEMS industry. Furthermore, the value of the normalized relaxation time for 
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silicon represents the most general case since it lies between the value for diamond (y is 
about 33 times larger) and for quartz (y is about 223 times smaller). 
Figures 5.2 and 5.3 show the magnitude of the complex temperature as a function of 
y and n respectively. Taking into account the symmetry of the complex temperature 
function V· (it is an odd function of Y), we present results for the positive values of Y 
only. For both theories the temperature remains at the reference state at low frequencies. 
For higher values of n, the distinction between the classical and ORT theories is 
significant. It noteworthy that, within sorne range of frequency, temperature exceeds the 
adiabatic limit almost five times for the ORT theory (Fig. 5.3). For the case of the 
diamond, it can become up to 20 times higher than the adiabatic limit. With n increasing, 
the temperature variation across the beam thickness approaches the classical case (Fig. 
5.3). Evidently, the nature of such a temperature distribution is defined by the difference 
in speed of propagation of mechanical and thermal waves. As in the classical case (Kinra 
and Milligan, 1994), at low frequencies, the system has enough time to relax and 
temperature distribution does not depend on Y; at higher frequencies the system has no 
time to relax and the temperature curve represents a line - an adiabatic limit. When the 
frequency of vibration is in the intermediate range, thermal waves have time to propagate 
for sorne finite distance, which, as a result, produce a wave-like temperature distribution 
across the thickness of the beam. 
Considering real values of the complex temperature in Fig. 5.4, we observe that for 
specific ranges of frequency temperature disturbance has negative values, which is a quite 
unexpected result since it indicates cooling instead of heating in the compressed surface 
of the beam. 
Figures 5.5 and 5.6 show the phase of a complex temperature as a function of Y and 
n. In order to avoid confusion due to overlapping, in Fig. 6 we have plotted curves for 
three values of Y only. As n ~ 0, the temperature outstrips the stress by 1[/2 and is 
independent of Y for both theories. The difference arises for higher values of frequency, 
where we notice strong dependence of the phase on Y, as weIl as a pronounced 
nonlinearity in phase variation across the beam thickness for the nonclassical theory, Fig. 
5.6(b). Cases of n = 1 and 100, nearly overlapping at zero level, are represented by thin 
lines in Fig. 5.5(b). 
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Figure 5.7 shows a comparison of the average damping across the beam thickness in 
the ORT theory with the damping obtained from the classical theory. It is evident that 
unlike the classical theory, which yields one single peak, the finite speed of thermal wave 
propagation results in the existence of many peaks with a decreasing amplitude as Q ~ 
00. It is intriguing to note that the maximum value of damping is -5 (Si) to -33 (diamond) 
times higher than for the classical case, whereas in sorne regions of frequencies, ORT 
damping is much smaller than the predictions of the classical theory. 
Attainable frequencies for the fundamental flexural modes of thin nano-beams of 
Slze O.lxO.OlxO.Ol ~m are in the range of 1.9 to 12 GHz (Roukes, 2000), which 
corresponds to Q = 0.0044+0.0279 for quartz, Q = 0.0002+0.0013 for silicon, and Q = 
0.000017+0.00011 for diamond. From examination of the graphical results it can be 
concluded that, at frequencies attainable at present, the second sound effect does not have 
any significant influence on the damping capacity of resonators and, therefore, a 
reasonable approximation can be obtained using the classical theory. 
It should be also noted that since normalized relaxation time as well as fundamental 
resonant frequency of a beam is a function of beam's dimensions, it is impossible to 
obtain high values of y and to increase the fundamental frequency of vibration 
simultaneously. lndeed, consider, for example, the first fundamental frequency of 
vibration of a cantilever beam 
fIh 
OJ = 1.015fpp ' 
Taking 1 = 1 Oh, the normalized frequency bec ornes 
Q = lü'l" = 1.028.10-3 fI pc h . Vp k 
(5.40) 
(5.41) 
On the other hand, the normalized relaxation time can be expressed as a function of 
thickness h of the resonator as 
r=~=3.289.( 3k )2_1 . 











Table 5.1. Material properties and normalized relaxation times for various MEMSINEMS materials. 
Flexural time 
Thermal Acoustic Heat Second sound Normalized 
Density, constant for 
conductivity, velocity, 
p (kg/m3) 
capacity, relaxation time, relaxation time, 
k(W/mK) 10.1012 (s) 
h=lO nm, 
u (mis) Cv (J/kgK) 
'[;.1012 (s) y 
150 8430 2330 700 3.88 0.11 35.27 
8 5900 2600 710 0.37 2.33 0.16 
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Figure 5.2. Variation of the magnitude of the temperature change across the thickness of 


















































Figure 5.3. Variation of the magnitude of the temperature change with the normalized 
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Figure 5.4. Dependence of the real part of the temperature variation on the normalized 
frequency for ORT theory (Si). 





which shows that rand 0 2 are inversely proportional. 
5.5 Closure 
(5.43) 
In this chapter the generalized theory of heat conduction with one relaxation time is 
employed for the purpose of evaluation of thermoelastic damping of high frequency 
nanomechanical resonators. The resonator is modeled as a thin homogeneous 
thermoelastic Bernoulli-Euler beam. The approach of Kinra and Miligan (1994) is taken 
as the starting point and the difference in temperature distribution across the resonator 
thickness for a broad frequency range between c1assicai and corresponding nonc1assical 
theory was studied. Thermoelastic damping is presented graphically for three different 
materials most often used in MEMSINEMS industry: silicon, quartz and diamond. 
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Numerical results reveal that, for relatively large values of vibration frequency, the finite 
speed of heat propagation gives rise to existence of many damping peaks contrary to the 
classical theory, which predicts just one maximum value of the damping curve. The 
results of this research show that the second sound effect may have impact on 
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Figure 5.5. Variation of the phase of the temperature change across the thickness of the 
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Figure 5. 6. Variation of the phase of the temperature change with the normalized 
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Figure 5. 7. A comparison of a classical solution for thermoelastic damping with one 




Summary and future work 
In this thesis, mesoscale asymptotic bounds on the effective response of random 
heterogeneous material in finite elasticity and thermoelasticity are derived and 
numerically investigated for different nonlinear composites. The presented approach 
makes it possible to study the behavior of nonlinear random composites without any 
assumption on periodicity of their microstructure. Scale-dependence of the constitutive 
response (Le., elastic and thermoelastic material parameters) is studied, as is the effect of 
length scale on the thermoelastic damping of nanomechanical resonators. 
The developed asymptotic homogenization theOl-y allows establishing relationships 
between properties obtained on large and small set of samples and the hierarchy between 
them, thus, providing an estimation of the minimal RVE size. The homogenization 
strategy developed in this thesis may be summarized as follows: 
1. The potential and complementary energy functionals for the physical problems 
considered are formulated. It is shown that the variational principles of Lee and Shield 
(1980) provide a simple and reliable estimate of the mesoscale bounds on the strain-
energy density functions, commonly used in nonlinear elasticity. To account for the 
temperature effects, the variational principles are extended to nonlinear 
thermoelastostatics. 
2. The conditions for which the minimum potential and complementary variational 
principles hold are considered. 
3. Uniform kinematic and static boundary conditions, satisfying Hill average 
theorem, are formulated. It is shown that in nonlinear elasticity, the conjugate pair of the 
deformation gradient tensor and the first Piola-Kirchoff stress tensors satisfies the Hill 
condition. 
4. The partitioning method with appropriate (either uniform kinematic or uniform 
static) boundary conditions is applied, and the hierarchy of bounds on the effective free-
energy function of spatially homogeneous and ergodic random media is constructed. 
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Numerical verification of the developed homogenization procedure is done with the 
use of the Finite Element Method. The behavior of the microstructure and the minimum 
RVE size of different nonlinear composites subjected to isothermal and nonisothermal 
loadings are computed, pro vi ding a foundation for a general scale-dependant 
homogenization method in nonlinear elasticity and thermoelasticity. The effects of 
mismatch of composite components, deformation, deformation mode, and statistical 
properties of the microstructure on the minimal size of the RVE are also considered. The 
results are compared with those of linear theory of elasticity and thermoelasticity. 
Finally, the effect of size and frequency of vibration on nanomechanical beam 
resonator behavior is studied. The size of the resonator, and, correspondingly, its 
frequency of vibration at which the effect of finite speed of heat conduction becomes 
significant, are investigated. 
6.2 Future work 
Following the investigations described in this thesis, there are a number oftopics that can 
be further developed and researched: 
1. Unstable materials 
In the presented work, we studied one special type of nonlinear elastic materials 
described by a convex strain-energy function. The convexity condition is an important 
requirement to obtain a stable solution in computational mechanics, but it does not 
necessarily hold in a real world. One of the interesting extensions of the asymptotic 
homogenization framework is its application to more complex materials such as materials 
with instabilities, which are often encountered in nonlinear elasticity. 
If the convexity condition on the strain-energy function fails, variational principles 
of Lee and Schield (1980) lead to local minimizer criteria, which are not sufficient to 
obtain bounds on the effective strain-energy function. Therefore, it is necessary to 
consider different variational principles, which would provide global minimizer criteria 
on both the upper and lower bounds. One of the variational principles that can be used in 
this case is the pure complementary variational principle in nonconvex elasticity 
discovered by Gao (1999). 
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2. Effect ofheterogeneity shape, its distribution and volume fraction of inclusions 
The primary goal of this thesis was to develop the homogenization framework, 
which would allow one to investigate the minimum size of the RVE for nonlinear 
materials. Many different parameters, such as the mismatch ratio, strain-energy function 
representation, deformation, and deformation mode have been studied. There are, 
however, other parameters, which can influence the size of the RVE and the rate of the 
bound convergence. 
The material model presented in this study is a two-phase round disk composite. In 
many engineering applications the composite, however, can have more than two phases 
and more complicated geometries. Moreover, the volume fraction of inclusions in a 
typical composite ranges from 1 to 60%. The studies of inclusion distribution and its 
shape were reported for linear elastic and plastic materials, but have never been carried 
out in nonlinear elasticity. One reason is the required computational power to solve the 
nonlinear system of equations for a large number of specimens, which nevertheless can be 
overcome with the use of supercomputers. Consequently, further studies on mesoscale 
bounds in nonlinear elasticity can be pursued. 
3. Three-dimentional model 
It was shown by Bilger et al. (2005) that the trends for the macroscopic yield stress 
of voided materials are similar in two- and three-dimensional simulations. Note that the 
convergence of anti-plane elasticity is the slowest, while in-plane elasticity converges 
more quickly, and the three-dimensional elasticity demonstrates the fastest convergence 
(Ostoja-Starzewski, 1999). It would be interesting to study whether this type of trend is 
observed in nonlinear elasticity. 
The difficulty associated with the three-dimensional nonlinear elasticity is severe 
distortion of the elements with increasing mismatch, and, as a result, poor convergence of 
the overall model. This makes it extremely complicated to study a large number of 
samples, unless small stretch values are considered, which, for example, was done by 
Lohnert and Wriggers (2003). Thus, the first step in this direction is the investigation of 
the neo-Hookean type composite subjected to small deformations. 
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4. Experimental investigation 
It is difficult to experimentally apply the uniform static and kinematic boundary 
conditions. Mixed orthogonal boundary conditions, investigated in this thesis, propose a 
useful alternative to experimental study of the RVE problem. One of the challenges that 
should be addressed, however, is the rapid convergence of this bound toward the RVE, 
which would require a precise experimental setup that is able to deal with samples of 
different size. 
5. Thermoelastic damping with fractional heat conduction 
In this the sis, the classical the ory of thermoelastic damping in 
nanoelectromechanical beam resonators was extended to account for a finite speed of heat 
transfer. The one relaxation time theory used in the presented work is the limiting case of 
heat conduction when it is described by a wave-like equation. Heat conduction in many 
elastic materials, however, can be represented by a time-fractional diffusion wave 
equation (Povstenko, 2005): 
(6.1) 
where 0 < a ::; 2. The cases of 0 < a ::; l, a = 1 ,1 < a ::; 2, and a = 2 correspond to 
"weak" heat transfer, classical Fourier's law, "strong" heat transfer, and heat transfer with 
one relaxation time, respectively. 
The argument in favour of using "weak" or "strong" heat transfer is the occurrence 
of subdiffusive or superdiffusive transport in a variety of different materials, such as 
dielectrics, semiconductors, polymers, biological tissues, fractals, glasses, and porous and 
random media (see Povstenko, 2005, and references therein). It would be logical to 
assume that the distribution of stress and temperature in the body, and, therefore, 
thermoelastic damping would be affected dramatically by the value of the parameter o.. 
This provides an interesting topic for future work: an analysis of thermoelastic damping 
in a material with "weak" or "strong" heat conduction. 
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Appendix A 
The variational principles play a major role in the derivation of mesoscale bounds in finite 
e1asticity and thennoelasticity. Because the complementary energy functional in nonlinear 
elasticity is generally unknown, the complementary variational princip le should be 
fonnulated in a way that does not involve the inversion of constitutive relations. In this 
appendix we outline the derivation of such principles based on the original work of Lee & 
Shield (1980) in finite e1astostatics. We present the thennoelastic case only, as isothennal 
elasticity can be obtained from it by setting /).T = 0 . 
Potential energy variational principle in finite thermoelasticity 
Consider a functional 
P{Ui'Oo} = J'I'(U;,j'Oo)dV - Jt;OU;dS, 
Vo ST 
(A.1) 
where ~ is an admissible function such that U; = u~ on Su. Assuming the displacement 
vector field to be the only fundamental unknown, Uj becomes the only independent 
variable subject to variation. Therefore, the first variation of functional (A.I) can be 
written as 
ôP = J~ ôUdV - Jto ôUdS , au l,) 1 1 
Vo i,j ST 
(A. 2) 
where ôUj vanishes on the part of the body where displacement is prescribed. After the 
application of the divergence theorem and assuming interface continuity of the 
displacement and traction field within the body, Eq. (A.2) becomes 
ôP= J{(~ôU;) -(~) Ô[]irV - Jtj°Ô[];dS 
v. au. au . S o l,) ,j l,) ,j T 
J ail' J 0 = --nôU.dS - t ôCldS au J 1 1 1 
So j,j ST 
J ail' J 0 J 0 = --n.Ô[].dS+ (.Ô[].dS- t.Ô[].dS=O au ) 1 1 1 1 1 
Su i,j ST ST 
(A.3) 
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provided that J(~J OUj,jdV = 0, which is possible only if V j = uj . We, therefore, 
v. au. o I,i ,j 
have the following principle: the functional p{V j , Oo} is stationary for the actual solution 
U j with respect to the admissible function V j , which satisfies displacement boundary 
conditions V j = u~ on Su. 
In order to see when the functional (A.I) assumes a local minimum for the actual 
solution U j ' we consider the quantity M defined by 
M = pJu +8u,u . +8u,Oo}-pJu ,u,Oo}' t 1 1 I,i I,i ~ 1 I,i (A. 4) 
where 8uj = Vj - u j • Expanding the first term of the right hand side of Eq. (A.4) in 
Taylor series we get 
l a2 P l a2 p 3 
+ , 8u j 8u p,q +-, 8u j ,j8up ,q +O(u )-P, (A.5) 2. ôujôu p,q 2. ÔUj,jÔU p,q 
where o(u 3 ) represents the terms of the third and higher orders in uj • Now, noting that 
ôP ôP ô2p ô2p 
-8u. + --8u . = 0, = 0, and = 0, we get au 1 ôu. I,i au au au au 
1 I,i j P j p,q 
and, thus, the functional P assumes a local minimum for the actual solution U j if 
Complementary energy variational principle in finite thermoelasticity 
The complementary energy functional can be written as: 





8 (8",(Vij,BO)). 8",(Vy ,Bo) 0 
-- = 0 m Vo and n· = t on Sr. 8X) 8Vij 8Vy JI' 
(A.9) 
As is weIl known, in the constrained minimization problems, the admissible 
functions and their admissible variations should not only satisfy boundary conditions, but 
they should also satisfy constrained conditions. In our case, Eq. (A.9)1 is the constrained 
condition to be satisfied. Introducing the Lagrange multipliers Pi' we form a new 
functional 
(A. 10) 
-defined for functions V y' which satisfy Eq. (A9)2. The variation of the functional Q 
with respect to variations in V ij is 
t5Q = J{ 82", 8U V ~(82", 8U Jrv 8V8V pq ij + Pi 8X. 8V.8V pq 
Vo IJ pq J IJ pq 
(AlI) 
Application of the Green-Gauss theorem and the fact that the variations 8U ij satisfy 
- ( ) 82", (0) 82", liQ = J,Vij - Pi,) 8Upq dV + J Pi -Ui 8U pqn)dS, (AI2) 
V
O 
8Vij8V pq Su 8Vij8V pq 
which is equal to zero, if Pi,) = V ij in Vo, and Pi = u~ on Su' But, for those variations of 
Vij satisfying Eqs. (A9), t5Q = liQ and consequently liQ = O. Thus, the functional 
Q{Vij,Bo} is stationary for Vij = uj ,) + ôy., where Uj is the actual solution of equilibrium 
equations and boundary conditions with respect to the admissible function V ij' which 
satisfies Eqs. (A9). 
In order to see when the functional (A8) assumes a local minimum for the actual 
solution U j ' we consider a quantity ~Q defined by 
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t1Q = QJu . +Ou,Bo}-QJu,Bo}. t I,J IJ t I,J (A. 13) 






and, thus, the functional Q assumes a local minimum for U ij = U;,j + 8ij , where u; is the 
solution of the equilibrium equations and the boundary conditions, if 
8 2'1-' J OuijOu pqdV > O. 




For the completeness of the presentation, here, we outline proofs of the averagmg 
theorems presented in section 204 of the thesis. 
Average deformation gradient theorem 
The average theorem for the deformation gradient takes the form: 
(B.I) 
where F;jo is the prescribed deformation gradient acting on the boundary So in the 
reference configuration. 
Proo!" Volume average of the deformation gradient is defined as 
- 1 J 1 J Fij =- FdV =- xdV. v: lj v: l,) 
oVo OVo 
(B.2) 
Applying the Green-Gauss theorem and assuming no jumps in the displacement field we 
get 
VOFij = Jx}llnjdS + Jx?lnjdS = Jx; njdS. (B.3) 
s, Sl So 
Since under uniform displacement boundary conditions, x; = x~ on the boundary, we 
obtain 
- IIo IIo IIo 0 FiJ =- x ndS=- xdV =- FdV=F. v: 1) v: l,) v: IJ lj 
OSo oVo OVo 
(BA) 
Average stress theorem 
For the tirst Piola-Kirchoff stress tensor the average theorem takes the form: 
(B.S) 
where t? = pijonj is a prescribed traction field acting on the boundary So in the reference 
configuration. 
Proo!" The average of the internaI stresses over the reference volume Vo is defined as 
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- 1 J P;I =- PdV , v: y 
o Vo 
(B.6) 
Right hand side integral can be rewritten as 
JPij dV = J~j8;kdV = J~jXj.kdV . (B.7) 
Applying the Green-Gauss theorem, and noting that from the balance of linear 
momentum in the absence ofbody forces ~j.k = 0, we get 
JPij dV = JpS> X;nkdS + JPk)2> X; nk dS , (B.8) 
Vo SI S2 
where SI is the boundary of the matrix, and S2 is the boundary of the inclusions (Figure 
B.l). Assuming no jumps in traction t?> = -t?> , we have 
JpS> X;nkdS + JPk)2> X;nkdS = JPkjXjnkdS, (B.9) 
SI S2 So 
where So is the outer boundary of the body in the reference configuration. Since under 
uniform traction boundary conditions ~j = ~~ on the boundary 
JP.vX;nkdS = Pk~ JX;nkdS = Pk~ J8;k dS = PiJoVO ' (B.IO) 
~ ~ ~ 
Finally, we get 
- 1 J 1 ° 0 P;I =- PdV =-P V:o = P., , v: y v: y y 
o Vo 0 
(B.ll) 
which is the required result. In an analogous way, it can be shoWfl that, for the Cauchy 
stress tensor, one has 
(B.12) 
Figure B.l. Material microstructure of a two-phase composite. 
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Hill condition for finite deformations 
In finite elasticity, the Hill condition can be expressed in terms of different conjugate 
pairs (Nemat-Nasser, 1999), however only the product of the deformation gradient tensor 
and the first Piola-Kirchoff stress tensor willlead to the canonical boundary conditions 
(2.26)-(2.28): 
(B.17) 
In order to derive Eq. (B.17) consider an identity 
(B.18) 
Noting that Fij = u;,} - 0ij' and applying the divergence theorem the right hand side of 
Eq. (B.18) becomes 
(B.19) 
which is identical to Eq. (B.17). Here, we used the assumption of the divergence-free 
stress field in the body Pii,} = 0 . 
It is important to note that the derivation of the averaging theorems does not involve 
any assumption regarding the constitutive response of the body, and, therefore, can be 
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